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SUMA.RY
A t h e o r e t i c a l  m ethod h a s  heen  d e v is e d  to  p r e d i c t  th e  p r o b a b i l i t y  
c h s r a c t e r i s t i c s  o f  th e  r e s p o n s e  o f  l i n e a r  sy s tem s to  n o n -C a n s s ia n  s t a t i o n a r y  
e x c i t a t i o n *  Use i s  made o f  th e  h i g h e r  p r o d u c t  moments o f  th e  e x c i t a t i o n  p r o c e s s ,  
The i n f o r m a t io n  p r o v id e d  by h i g h e r  o r d e r  c o r r e l a t i o n  f u n c t i o n s  o f  b o th  G auss ian  
and n o n -G a u s s ia n  p r o c e s s e s  i s  d i s c u s s e d .
An a l t e r n a t i v e  more p r a c t i c a l  m ethod o f  r e s p o n s e  p r e d i c t i o n  i s  e s t a b l i s h e d  
u s i n g  N um erica l  M ethods . T h is  t e c h n iq u e  i s  shown to  have  many a p p l i c a t i o n s  i n  
p r a c t i c e  and can be e x te n d e d  t o  h a n d le  n o n - l i n e a r  sy s tem s  and n o n - s t a t i o n a r y  
e x c i t a t i o n .
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SECTION 1
INTRODUCTION
1 ' «
1 ,  INTRODUCTION
In  many random v i b r a t i o n  p rob lem s w hich o c c u r  i n  p r a c t i c e  where 
th e  r e s p o n s e  o f  a  g iv en  sysLern to  a  s i n g l e  random e x c i t a t i o n  i s  r e q u i r e d ,  
i t  i s  r e a s o n a b le  to  assume t h a t  th e  e x c i t a t i o n  p r o c e s s  i s  G a u s s ia n .
T h is  a s su m p t io n  c o n s i d e r a b l y  s i m p l i f i e s  any a n a l y s i s .  I f  t h e  sy s tem  
can be  c o n s id e r e d  to  be  l i n e a r  th e n  th e  r e s p o n s e  to  th e  G auss ian  
e x c i t a t i o n  w i l l  i t s e l f  be  G a u s s ia n  [ l ] .  S in ce  any G a u ss ia n  random 
p r o c e s s  i s  c o m p le te ly  c h a r a c t e r i s e d  by d e f i n i t i o n  o f  i t s  f i r s t  and 
second  o r d e r  moments, th e  e x c i t a t i o n  w i l l  t h u s  be d e f in e d  by i t s  mean 
v a lu e  and a u t o - c o r r e l a t i o n  f u n c t i o n  ( o r  s p e c t r a l  d e n s i t y ) .  Knowledge 
o f  th e  complex f re q u e n c y  r e s p o n s e  a ( i f )  o f  th e  sy s tem  w i l l  th e n  y i e l d  
t h e  s p e c t r a l  d e n s i t y  o f  th e  r e s p o n s e  S ° ( f )  u s i n g  th e  r e l a t i o n s h i p ; -
8 ° ( f )  = , I a ( i f )  S " ( f )  1 .1
The mean v a lu e  o f  t h e  r e s p o n s e  and e x c i t a t i o n  a r e  a l s o  s im ply  r e l a t e d  
( a l t h o u g h  f o r  c o n v e n ie n c e  a r e  u s u a l l y  a d j u s t e d  to  z e r o ) : -
• . , , L»- = a ( o )  1 .2e x c i t a t i o n ]
C l e a r l y  th e  r e s p o n s e  o f  l i n e a r  sy s tem s to  G a u ss ia n  e x c i t a t i o n  can be 
e a s i l y  o b t a i n e d  once  th e  system  f r e q u e n c y  r e s p o n s e  i s  known.
T here  a r e  how ever ,  many i n s t a n c e s  w here t h e  a ssu m p tio n  o f  
N o rm a l i ty  i s  n o t  j u s t i f i e d .  Even where s p e c i f i c  d i s t r i b u t i o n s  a p p ro a c h  
th e  G a u s s ia n  -  eg  road  s u r f a c e s  -  t h e  a p p ro x im a t io n  i s  o f t e n  t o  c l i p p e d  
G a u ss ia n  r a t h e r  th a n  t h e  t r u e  G au ss ian  d i s t r i b u t i o n .  I t  i s  n o t  
g e n e r a l l y  known to  what e x t e n t  v a r i o u s  d e g re e s  o f  c l i p p i n g  o f  t h e  
G a u s s ia n  d i s t r i b u t i o n  a f f e c t s  t h e  above a rg u m e n ts .
Where th e  e x c i t a t i o n  to  a  l i n e a r  sy s tem  i s  known to  be n on -  
G a u s s ia n ,  i t  c a n n o t  be u n iq u e l y  d e f in e d  by i t s  f i r s t  two moments.
A ls o ,  w h i l e  e q u a t i o n  1 .1  i s  s t i l l  a p p l i c a b l e ,  t h e  r e s p o n s e  sp e c tru m  i s
i n s u f f i c i e n t  to  d e f i n e  th e  r e s p o n s e  c o m p le te ly .  T h e r e f o r e ,  i n  such  
c a s e s ,  "both e x c i t a t i o n  and r e s p o n s e  a r e  o n ly  p a r t i a l l y  d e f in e d  and 
h e n c e  a l t e r n a t i v e  m ethods a r e  r e q u i r e d  to  c o m p le te  th e  d e s c r i p t i o n .
V a r io u s  t e  c l in iques  a r e  p r e s e n t l y  a v a i l a b l e  f o r  t h e  p r e d i c t i o n  o f  
l i n e a r  sy s tem  re s p o n s e  to  s p e c i f i c  n o n -G a u ss ia n  e x c i t a t i o n s .  See f o r  
e x am p le ,  r e f e r e n c e s  [ 2 , 5]  w hich  dea l;  v a th  c a s e s  where th e  e x c i t a t i o n  
can  be r e p r e s e n t e d  by a  s e r i e s  o f  u n c o r r e l a t e d  random p u l s e s  which 
o c c u r  a t  P o i s s o n  d i s t r i b u t e d  t im e  i n t e r v a l s  -  t h e s e  e x c i t a t i o n s  a re  
g e n e r a l l y  known a s  s h o t  n o i s e . Use i s  made o f  th e  moments o f  th e  
e x c i t a t i o n  to  p r e d i c t  th e  c o r r e s p o n d in g  r e s p o n s e  moments. These 
moments a r e  combined t c  fo rm  a  s e r i e s  w hich g i v e s  t h e  F o u r i e r  T ransfo rm  
o f  th e  f i r s t - o r d e r  p r o b a b i l i t y  d e n s i t y  o f  th e  r e s p o n s e .  By em ploy ing  
E d g e w o r th 's  e x p a n s io n  an e s t i m a t e  o f  t h i s  p r o b a b i l i t y  i s  o b t a i n e d .
The s u c c e s s  o f  t h i s  m ethod i s  due to  th e  f a c t  t h a t  t h e  r e q u i r e d  v a lu e s  
o f  th e  e x c i t a t i o n  moment f u n c t i o n s  a re  d e f i n e d  ( a n a l y t i c a l l y )  arid th e  
i m p u l s iv e  r e c e p ta n c e  o f  th e  l i n e a r  sys tem  can  be employed to  g iv e  th e  
c o r r e s p o n d in g  v a lu e s  o f  t h e  r e s p o n s e  moment f u n c t i o n s .  T h is  method 
can  be c o n s id e r e d  to  be t h e  o n e -d im e n s io n a l  c a s e  o f  a  more g e n e r a l  method 
w hereby  n o t  j u s t  t h e  f i r s t - o r d e r  p r o b a b i l i t y  d i s t r i b u t i o n  can be 
e s t i m a t e d  b u t  a l s o  a l l  t h e  h i g h e r  o r d e r s .
I t  w i l l  be  shown t h a t  by c o n s i d e r i n g  s i n g l e  n o n -G a u s s ia n  e x c i t a t i o n s  
to  be  r e a l i s a t i o n s  o f  e r g o d ic  random p r o c e s s e s ,  th e  p r o b a b i l i s t i c  
c h a r a c t e r  o f  th e  r e s p o n s e s  o f  l i n e a r  sy s tem s  to  t h e s e  e x c i t a t i o n s  can  
b e  e s t i m a t e d  from c e r t a i n  s t a t i s t i c a l  p a r a m e t e r s .  These p a ra m e te r s  can 
b e  computed from th e  e x c i t a t i o n  t im e  h i s t o r y .
In  v iew  o f  th e  p r a c t i c a l  d i f f i c u l t i e s  i n  u s i n g  th e s e  m ethods -  in  
p a r t i c u l a r ,  p e r f o r m in g  th e  F o u r i e r  I n v e r s i o n s  -  o n ly  a need  f o r  d e t a i l e d  
p r o b a b i l i s t i c  i n f o r m a t io n  w i l l  j u s t i f y  t h e i r  u s e .  I n  c e r t a i n  f a t i g u e  
s t u d i e s  t h i s  w i l l  be t h e  c a s e .
F o r  th e  c a s e s  where l e s s  d e t a i l e d  p r o b a b i l i s t i c  i n f o r m a t io n  i s
/
r e q u i r e d  -  eg  i n  e a s e s  w here o n ly  t h e  mean v a l u e ,  a u t o - c o r r e l a t i o n  
f u n c t i o n ,  s p e c t r a l  d e n s i t y  and f i r s t  o r d e r  p r o b a b i l i t y  a r e  needed  -  i t  
i s  c l e a r  t h a t  an a l t e r n a t i v e  method i s  r e q u i r e d .  W ith a  v iew to  th e  
p r o v i s i o n  o f  such  a m ethod , N u m erica l  I n t e g r a t i o n  t e c h n iq u e s  were 
c o n s id e r e d .  These t e c h n iq u e s  p e rm i t  a  ' r e a l - t i m e ' s im u l a t io n  o f  th e  
r e s p o n s e - p r e d l c t i o n  p ro b le m . The e x c i t a t i o n  i s  d e f i n e d ,  t h e  sy s tem  i s  
r e p r e s e n t e d  by s e t s  o f  e q u a t i o n s  and t h e s e  a r e  th e n  s o lv e d  a t  v a r i o u s  
t im e  i n t e r v a l s  to  g iv e  t h e  r e s p o n s e .  S ta n d a rd  random a n a l y s i s  can be 
a p p l i e d  to  t h i s  r e s p o n s e  to  p r o v id e  th e  i n f o r m a t io n  r e q u i r e d .
N u m e ric a l  I n t e g r a t i o n  t e c h n iq u e s  have  n o t  been  w id e ly  employed 
i n  t h e  s i m u l a t i o n  o f  v i b r a t i o n  p rob lem s where b o th  e x c i t a t i o n  and 
r e s p o n s e  a r e  o f  random n a t u r e .  C o n se q u e n tly  th e  t e s t i n g  o f  th e s e  
t e c h n iq u e s  r e q u i r e s  c o n s i d e r a b l e  c a r e  and e r r o r s  w hich  m ig h t  a r i s e  i n  
p r a c t i c a l  random s i m u l a t i o n  must be i n v e s t i g a t e d .
One o f  t h e  many i n t e g r a t i o n  'p a c k a g e s '  c u r r e n t l y  a v a i l a b l e  was 
employed i n  th e  t e s t .  The a c c u ra c y  o f  t h e  s i m u l a t i o n  was d e te rm in e d  
and recom m endations  made c o n c e r n in g  th e  u s e  o f  such  t e c h n i q u e s  i n  random 
re s p o n s e  p r e d i c t i o n .
SECTION 2
THEORETICAI. RESPONSE PREDICTION
2 . THEORETICAL RESPONSE PREDICTION
2 .1  DESCRIPTION OF A RANDOM PROCESS
C o n s id e r  a  random p r o c e s s  -{ x ( t ) [  whose sam ple f u n c t i o n s  a r e  
d e n o t e d : -
X ^ ( t ) ,  i  = 1 , 2 , ..........
A s c h e m a t ic  r e p r e s e r t a t i o n  o f  such  a  p r o c e s s  i s  g iv e n  i n  F ig u re  1.
F o r  any t im e  t  th e  i n s t a n t a n e o u s  v a lu e  o f  X ^ ( t )  i s  X’- ( t  ) .  The 
1 1
s e t  o f  a l l  X ^ ( t  ) w i l l  be d e n o te d  X ( t  ) o r  s im p ly  X , th e  s e t  o f  
1 1 1
a l l  X ^ ( t  ) ,  X , e t c .  The random p r o c e s s  ] x ( t ) [  can be c o n s id e r e d  
s 2  ^
to  be composed o f  th e  s e t  o f  random v a r i a b l e s : -
, i  = l - 2 , 5 , . . . . . n  where n te n d s  to  i n f i n i t y *
Com plete p r o b a b i l i s t i c  d e s c r i p t i o n  o f  ■|x(t)|- may be a c h ie v e d  i n  
two ways : -
(1 )  by s p e c i f y i n g  th e  n - d im e n s io n a l  d i s t r i b u t i o n  f u n c t i o n  f o r  t h e  
random v a r i a b l e s  X ^ , i . e .
F (x  ,x ,x  ) = P r o b r x ( t  ) < x  ,X( t  ) < x  , , . . . X ( t  ) < x
{X.(t)} '  2 3 "  L 1 1 S 5 '
( 2 ) o r  by  d e f i n i t i o n  o f  th e  n - d im e n s io n a l  c h a r a c t e r i s t i c  f u n c t i o n
0  (u  ;U , . . . . u  ) = E e x p ( i ( u  X ( t  )+u X ( t  ) . . . , u  X ( t  ) )  1 
{ x ( t ) f  1 "  L 1 1 S 3 n n J
where e [  j  d e n o te s  t h e  e x p e c te d  v a l u e ,
- C O
I  I  G x p ( i (u  X -!-u X , . . . u  X )dF (x  . . . . x  ) 2 . 1 . 1
A  . . . A  y  '  "  i x ( t ) }  1 "
n f o l d
D e f i n i t i o n  o f  th e  n - d im e n s io n a l  d i s t r i b u t i o n  f u n c t i o n  o r
c h a r a c t e r i s t i c  f u n c t i o n  i m p l i e s  a l l  c o r r e s p o n d in g  f u n c t i o n s  o f  o r d e r s  
l e s s  th a n  n s i n c e ,
and
P (x  ,x  j . c .o X  t ) = /  F , (x  ,x  , , , , , x  )dx
|x(t)} : " f .  Jx(t)} ‘ "
The c h a r a c t e r i s t i c  f u n c t i o n  d e f i n e d  by 2 . 1 . 1  may be expanded
0  ( u  , . . . . u  ) =  1  +  iu .E fX  .] f  - g y  u . u  e Tx  .X 1 , . . .
| x ( t ) l  1  ^ J I JJ 21 jEc L J kJ
n i  • • ' • E p y P ] * - - . ]
i . e .  a s  a  s e r i e s  o f  p r o d u c t  moments o f  t h e  random v a r i a b l e s  from t h e
p r o c e s s  | x ( t ) | - , As an i l l u s t r a t i o n  a ss u m e  n = 2 .  I t  f o l l o w s  t h a t ; -
0  ( u  ,u  ) = 1 + i ( u  e [ x 1 +u  e [x  1 )
| x ( t ) }   ^  ^ 1 I- 3 L s-i
: + - ^  ( u  ^ e [ x  4  4-u ^E fx  4  +u u  e [ x  X 1 -fu u  e [ x  X 1 )
2* 1 L 1 j 2 L 2 J i s L i e J  2 1 L 2 E
+ ■—  ( u  ^EFx 4  +u ^ e Fx  4  u  u  e Fx  X X 1?■» 1 t  1 J 2 n 2 J 1 1 2 L 1 1 gj
+u u  u  e Px  X X 1-HU u  u  e Fx  X X ] + u  u  a  e Fx  X x l
1 3  1 L 1 2 iJ 1 2 2 L 1 2 2 j  S l l L - S l l - t
■ +u  u  u  E l x  X X 1 h-u  u  u  e Fx  X X 1 )
2 1 3 L 3 i a J 2 2 l L s 3 l i
+ •“  ( u  '^ e Ix  '4 . . . . .  e t c .4* 1 L_ 1 J
= 1 + i ( u  eFx  1 +u e F x  1)  + ^  ( u  ^ e [ x  4 + u  ""eIx 4 +2u u  e [ x  X |
1 L lP  2 L g j  d ,  I - 1 - J  2 L. 3 J  1 2 ^ 1 2 ^
+ ^  (u  " e Fx  4  4-u ^ E l x  -f3u ^u e Fx  ^ x l  + 5u u   ^ e [ x  X 1^ )
A ' 1 L 1 J 3 L 2  J l . s L l  2-1 1 2  l - 1 3 - J
+ ......................................................................  2 .1 .5
F o u r i e r  i n v e r s i o n  o f  t h i s  f u n c t i o n  g i v e s  t h e  2 - d i m e n s i o n a l
p r o b a b i l i t y  d i s t r i b u t i o n  F (x ,z  ) i . e .  t h e  p r o b a b i l i t y  t h a t  b o th
X ( t  ) i s  l e s s  th a n  x  and X ( t  ) i s  l e s s  th a n  x  . As n i n c r e a s e s ,  th e
1 I S  2
c h a r a c t e r i s t i c  f u n c t i o n  t e n d s  to  th e  c o n t in u o u s  f u n c t i o n ,  w hich  i m p l i e s  
th e  c o n t in u o u s  p r o b a b i l i t y  d i s t r i b u t i o n  i . e .
0  ( u ( t ) ) — , ( x ( t ) )  2 , 1 . 4
!x(t)} |x(t)j
c l e a r l y  then  th e  s e t  o f  a l l  p ro d u c t  moments eFx I ,  e Ia X 1 , E fx X X *1
. . . . .  e t c  i s  s u f f i c i e n t  to  u n iq u e ly  d e f in e  th e  p r o b a b i l i s t i c  n a tu re  
o f  a random p ro c e s s .
2 .2  ERGODIC RANDOM PROCESSES
Assume now t h a t  th e  p r o c e s s  | x ( t ) | - i s  s t a t i o n a r y .  I t  f o l l o w s  
t h a t  th e  p r o b a b i l i t y  c h a r a c t e r i s t i c s  o f  t h e  s e t  o f  v a r i a b l e s  X ( t ^ ) ,
X ( t j ) ,  X ( t ^ ) , .......... X ( t^^  a r e  i d e n t i c a l  to  th o s e  o f  th e  s e t  X ( t ^ ) ,
X ( t , ) ,  X ( t  p r o v id e d  t h a t  ( t  - t .  ) = ( t , - t  ) ,  ( t  - t  ) = ( t  - t  ) ,
D C  J X C a L V j C D
. . . . .  e t c .  i . e .  t h e  p r o b a b i l i t y  c h a r a c t e r i s t i c s  o f  th e  p r o c e s s  a r e  
i n v a r i a n t  w i th  a  s h i f t  i n  t h e  t im e  r e f e r e n c e  and depend o n ly  on th e  
t im e  in c r e m e n ts  be tw een  th e  random v a r i a b l e s  X ( t ^ ) .  Assume f u r t h e r
t h a t  { x ( t ) [  i s  e r g o d i c .  T h is  demands t h a t  any p r o b a b i l i t y  p a ra m e te r  
computed a c r o s s  t h e  ensem ble  o f  • |x ( t ) [  i s  i d e n t i c a l  w i th  th e  same 
p a ra m e te r  computed a lo n g  any member f u n c t i o n  e . g .
E [x (t^ )" ]  = < ( x J ( t ) ^  f o r  any i , j ,  2 . 2 . 1
where <( )>d e n o te s  a v e r a g in g  w i th  t im e  t .
and t h a t : -
E r x ( t . ) x ( t . ) | = <( X'^( t )X ^(  t-t'd))> f o r  any i , j , k  where à = ( t . - t . )
7E [ x ( t  ) X ( t . ) x ( t  ) ]  = < X ^ ( t ) X ^ ( t 4.6 )x ^ ^ t+ ô  +Ô )>1 / " '  " j ' '  '  "k-
where 6 = t . - t .  , 6 = t, - t .
1 d 1 8 k J
e t c .
I t  f o l l o w s  from th e  above  t h a t  any member f u n c t i o n  X ^ ( t )  o f  an 
e r g o d ic  p r o c e s s  i s  s u f f i c i e n t  to  u n iq u e ly  d e s c r i b e  th e  p r o c e s s .
Hence th e  c h a r a c t e r i s t i c  f u n c t i o n  may be computed from  such  a member 
f u n c t i o n .  The s e t  o f  p r o d u c t  moments o f  t h e  p r o c e s s  | x ( t ) |  can
t h e r e f o r e  be d e f in e d  from th e  sample f u n c t i o n  X ^ '( t)  a s  fo llow s;* -
e [x J  = < x ^ ( t ) >
e Fx  X 1  = < X ^ ( t ) X ^ ( t + T  ) >  wh e r e  T = t  - t  2 .2 .2
L 1 SJ 1 1 2 1
e Fx X X 1 = ( X ^ f t ) X ^ ( t + T  ) X ^ (t + T  H-T ) >  where t  = t  - t
L 1 2 3J 1 I S  3 3 S
e t c .
Of th e  above  s e t  o f  moments o n ly  t h e  f i r s t  and seco n d  a r e  i n  g e n e r a l  
u s e .  e | x j  i s  t h e  mean v a lu e  and E p  X ^ i s  t h e  a u t o c o r r e l a t i o n
f u n c t i o n  R (t ) .
The q u e s t i o n  now a r i s e s  a s  to  th e  v a lu e s  o f  t h e  h i g h e r  o r d e r  
moments o f  t h e  c l a s s  o f  e rg o d ic  p r o c e s s e s  whose d i s t r i b u t i o n s  a r e  
G a u s s ia n .
2 .5  GAUSSIAN RANDOM PROCESSES
I t  i s  known [ 4  2 t h a t  d e f i n i t i o n  o f  th e  f i r s t  two moments o f  any 
G a u s s ia n  p r o c e s s  i m p l i e s  a l l  t h e  h i g h e r  o r d e r s .  F o r  a  g e n e r a l
G a u ss ia n  p r o c e s s  iX ( t)}  v a th  random v a r i a b l e s  X ( t^ )  « a s  b e f o r e ,  
i t  h a s  been  shown [ i j  : -
E^X^X^X^^,. .  . x j  = 0  i f  t h e  number o f  te rm s  i n  th e  b r a c k e t  i s  odd
2 . 5 . 1
"  • f f  number i s  even
j , k 5 , . =1
n l
N ote t h a t  th e  number o f  te rm s  i s  n
#! (2)2
I . e .
Es fx  X X 1 = 0
L i  S 3 J
ePx  X X X 1 = e F x  X I e I x  X 1 + e [ x  X 1 e I x  X 1 + e [ x  X I e T x  X 1 2 . 5L 1 2 3 L. 1 2J L 3 4 J L ]  3J L g  L 4J L 3 3J
e Fx  X X X X l  = 0
*- 1 2 3 4
e t c ,
W ith  th e  a s su m p t io n  o f  e r g o d i c i t y  th e s e  moments may be  o b t a i n e d  from  
any sam ple f u n c t i o n  X ( t )  s a y ,  a s  f o l lo w s
eTx X 1 = <(X(t)X( t+T))> = R ( t ) where T = t  - t  
L 1 3J 2 1
eFx X x l  = < X ( t ) X ( t+ T  )X(t+T + T  )> = r ( t  T ) 
< - 1 2  3J 1 1 2  1 2 2 . 5 . 5
where T = t  - t  , t = t  - t
1 2 1  2  3 2
e F x  X X X 1  = < X ( t ) x ( t + T  ) X ( t + T  4-T ) X ( t + T  +T +T )>  = R( T T T )
L 1 2 3 1 1 2  1 2 3  1 2 . 3
where T = t  - t
3 4 3
These e q u a t io n s  w i l l  s e r v e  to  d e f i n e  th e  h i g h e r  moments. I t  now 
f o l lo w s  from  e q u a t io n s  2 . 5 . 2  t h a t  f o r  any member f u n c t i o n  o f  an e rg o d ic  
G a u s s ia n  p r o c e s s : -
r ( t  t  ) = 0  
1 2 
%(? T T ) = RTt ) r ( t  ) + R ( t  H-T ) r ( t  +T ) + R ( t  !-T +T ) R ( t  )
1 2 3 ' 1 3 1 2  2 3  1 2 3  2
r ( t  t t t ) = 0  2 . 5 . 4
1 2  3 4
1 2 3 4 5
= R ( t ) r ( t ) r ( t ) H- r ( t ) r ( t -t-T ) r ( t + t ) + . . ( 1 5  t e r m s '
1 3 - )  1 3 4  4  5
e t c .
E q u a t io n s  2.3®4 a p p ly  to  any member f u n c t i o n  o f  a  G a u ss ia n  random p r o c e s s  
o r  i n  e f f e c t ,  t o  any G a u ss ia n  rajndom v a r i a b l e .  The i n v e s t i g a t i o n s  i n t o  
th e  h i g h e r  c o r r e l a t i o n  f u n c t i o n s  o f  G a u ss ia n  random v a r i a b l e s  which 
prom pted  th e  above t h e o r e t i c a l  a p p ro a c h  a r e  d e s c r i b e d  i n  Appendix A and
w i l l  s e r v e  a s  p r a c t i c a l  v e r i f i c a t i o n  o f  e q u a t i o n s  2 .3»4* R e fe re n c e
s h o u ld  now be made to  Appendix  A.
Fo r  any p r o c e s s  w hich  i s  o t h e r  th a n  G a u s s ia n ,  e q u a t io n s  2 .3 * 4  vn.ll
' n o t  a p p ly .  The h i g h e r  moments o f  some t y p i c a l l y  o c c u r r i n g  s i g n a l s  were 
■ d e r iv e d  ( a n a l y t i c a l l y  o r  p r a c t i c a l l y )  and a r e  a l s o  g iv e n  i n  Appendix A.
A d i s c u s s i o n  o f  th e  i n d i v i d u a l  u s e f u l n e s s  o f  t h e  h i g h e r  moments i n  
d e s c r i b i n g  n o n -G a u s s ia n  s i g n a l s  i s  g iv e n  i n  S e c t i o n  2 . 6 .
To r e c a p ,  th e  p r o b a b i l i s t i c  n a tu r e  o f  a  random p r o c e s s  i s  d e f in e d  
by i t s  c h a r a c t e r i s t i c  f u n c t i o n .  T h is  f u n c t i o n  may be expanded a s  a  
s e r i e s  o f  p r o d u c t  moments o f  th e  p r o c e s s .  These moments may be computed 
from  a  s i n g l e  sample f u n c t i o n  where th e  p r o c e s s  i s  e r g o d i c .  I t  would 
c l e a r l y  be s im p l e r  to  m o n i to r  t h e  p r o b a b i l i t y  d i s t r i b u t i o n s  where a 
sample t im e  h i s t o r y  i s  a v a i l a b l e .  However, i t  w i l l  now be shovm t h a t  i f  
t h e r e  e x i s t s  a  r e l a t i o n s h i p  be tw een  th e  moments o f  t h e  i n p u t  and o u t p u t  
o f  l i n e a r  s y s te m s ,  t h e  p r o b a b i l i t y  d i s t r i b u t i o n s  o f  th e  o u t p u t  may be 
computed s o l e l y  from a  know ledge o f  t h e  i n p u t  by  u s i n g  t h e  c h a r a c t e r i s t i c  
f u n c t i o n ,
2 .4  SOME GENERAL PROPERTIED OF THE HIGHER MOMENT FUNCTIONS
1 . r ( 0 ,0 )  = <(X^(t))> i . e .  th e  mean cube v a lu e
R ( 0 ,0 ,0 )  = <( X '^(t))> i . e .  th e  mean f o u r t h  power v a lu e  
e t c .
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2 , R("T -T  ) = < X ( t ) X ( t » T  ) X ( t - T  -T ) >
1 2  1 1 2
L e t  t  b e  r e p l a c e d  by  t + r  + t . T h i s  i s  v a l i d  i f  t h e  p r o c e s s  i s
1 8
s t a t i o n a r y .  I t  f o l l o w s  t h a t : -
R ( - t - t ) = (X ( t+ T  +T )x ( t+ T  ) X ( t ) > =  r ( t t )
1 2  1 8 2 8 1
S i m i l a r l y ,
r ( - t , - t ) = R(T ,T   T ) 2 . 4 , 1
1 3  3  n n n - i  i
R e f e r  b a c k  t o  e q u a t i o n s  2 . 3 . 4  and  r e c a l l  t h a t  R ( “ T) = R ( t ) ,  In  t h e  
e q u a t i o n  ( f o r  G a u s s i a n  p r o c e s s e s )
r ( t t t ) = r ( t ) r ( t ) + r ( t + t ) r ( t + t ) H- r ( t + t + t ) r ( t ) 2 . 4 . 2
1 8 3  1 3 I S  2 3  1 2 3  2
R e p l a c i n g  t , t , t by -T , - t , - t d o e s  n o t  c h a n g e  t h e  RHS, i . e .
1 2  3 1 2  3
R (-T -T -T ) = R ( t T T )
1 8  3 1 2  3
But from  a b o v e ,
r (_T -T -T ) = R ( t T T )
1 8 3  3 2 1
T h e r e f o r e  i f  e q u a t i o n s  2 * 3 . 4  a r e  v a l i d  i t  m u st  f o l l o w  t h a t : -
r ( t t t ) = r ( t t t )
3 2 1 1 2  3
b u t
r ( t t t ) = r ( t ) r ( t ) + r ( t + t ) r ( t + t ) + r ( t + t + t ) r ( t )
3 8 1 , 3  1 3 8  2 1  3 2  1 2
w hich  i s  i d e n t i c a l  to  t h e  RHS o f  2 .4*2  a b o v e .  T h is  c o n f i rm s  th e  
v a l i d i t y  o f  e q u a t i o n s  2 . 3 . 4
2 ,5  PREDICTION OF THE RESPONSE OF LINEAR SYSTEMS
C o n s id e r  a  g e n e r a l  e r g o d ic  p r o c e s s  | x( t )}  whose d i s t r i b u t i o n s  
a r e  n o n - G a u s s i a n , and assume t h a t  th e  mean v a l u e s  o f  X ^ ( t )  a r e  ae ro  
( t h i s  r e d u c e s  t h e  c o m p l ic a t io n  o f  t h e  e q u a t i o n s ) .  The c h a r a c t e r i s t i c  
/ f u n c t i o n  u n iq u e ly  d e f i n e s  th e  p r o c e s s .  Fo r  c o n v e n ie n c e  th e  2 -
11
d im e n s io n a l  c h a r a c t e r i s t i c  f u n c t i o n  w i l l  be d e a l t  w i th  b u t  th e  
c o n c lu s i o n s  a p p ly  to  a l l  h i g h e r  o r d e r s .  R e c a l l  t h a t  ( e q u a t io n  2 . 1 . 3 )
0  (u  u  ) = 1 + i ( u  e Fx T + u e Tx I )  + (u  ^e Fx 4 4-u ^e Fx ^
jx(t)}  ^  ^ i L i J s L c J  2 i 1 L 1 J 3 L 2 -I
+2u u  e [ x  X 1 )  4 (u '^eFx ^  +u =^Elx 
1 2 L 1 2 -J 1 L 1 J  2 L 2 J
+ 3u eFx ^X 1 + 3 u  u  ^eFx X ^1) 4  - ^  ( ..........  e t c .
1 2 ^ 1  2-' 1 2  L  ^ g J 4 ,
Prom th e  d e f i n i t i o n  o f  th e  p r o d u c t  moments by e q u a t io n  2 .3 * 3  i n  t h e
p r e v i o u s  s e c t i o n  i t  i s  c l e a r  t h a t : -
0 ,  , (u  u  ) = 1 + i (0 + 0 )  + (R ( 0 ) ( u  ^+u 2 )+ 2R (6 )u  u  )
{ X ( t ) |  1 2 2 '  1 z 1 2
4- ^  ( r ( 0 , 0 ) ( u 2+^  3 ) + 3 R ( ô ,0 ) u  u 2+ 3 R (0 ,6 )u  )
3* 1 2  1 2  1 2
4 q y -  ( R ( 0 , 0 , 0 ) ( u  ' ^ - fu  4 ) + 6 R ( 0 , 6 , 0 ) u  ^
4 ‘ 1 2  1 2
+ 4 R ( 6 ,0 ,0 ) u  u  s + 4 R ( 0 ,0 ,ô ) u  3 u  2 . 5*1
1 2  1 2
where 6 = t  - t  
2 1
By way o f  i l l u s t r a t i o n  assume f o r  th e  moment t h a t j x ( t ) }  i s  
G a u s s ia n .  By e q u a t io n  2 .3 * 4  i t  f o l l o w s  t h a t : -
0  (u  u  ) = 1 ~ 1  ( r ( 0 ) ( u ®+u ®)+2R(6)u u )
jx(t)J :  ^ 2 1 3  13
+ h  [ 5 R U 0 ) ( u 4+u ^■)+6(E=(0)+R®(ô)+T !U 6))u A i
-i-4 L 1 2  . 1
+ 4 ( ( 3 R ( 0 ) R ( 6 ) ) u ®u + 3 (R (6 )R (0 ) ) u u  " ) ]+  ..........  2 ,5*2
1 3  1 2 J
b u t  i t  i s  known ^1 "J t h a t  t h e  2 -d im e n s io n a l  f u n c t i o n  o f  a  G au ss ian  
p r o c e s s  i s  g iv e n  by
0 ( u  u ) = exp( - -y o^u ^ " - y  o^u ^ -  R ( 6 ) u  u  ) w here = R(0)
1 2  2 i 2 9  1 3
= [ 1  H- I  + 1 o-^u 4 . . . .
" 12
-  R (ô )u  u  4- y  R ^(ô)uL 1 8  2 1 :
= f l  -  -y ( r (o ) u ^ + R (0 )u -  R (6 ) u u 4- -  (o^u f  O'^u
L  ^ 1 8 1 2 K 1 S
4- •“  R®(ô)u ® -h y* o^u  ^ “  a ^ R (ô )u
2 1 2  4 1 2  2 1 2
4- -y g^ R ( ô)u u  ^ . . . . .  e t c . l  2 .5 * 5
2 1 2  J
E q u a t io n s  2 .5 * 2  and 2 .5 * 5  a r e  i d e n t i c a l .  N ote  t h a t  f o r  G a u s s ia r  
p r o c e s s e s  th e  c h a r a c t e r i s t i c  f u n c t i o n s  a r e  r e a l  v a lu e d  s i n c e  a l l  t h e  
odd o r d e r  p r o d u c t  moments a r e  z e r o .
R e tu rn  now to  t h e  c a s e  o f  g e n e r a l  n o n -G a u s s ia n  p r o c e s s e s .  The
c h a r a c t e r i s t i c  f u n c t i o n  may be o b t a i n e d  from  a  s i n g l e  r e c o r d  o f  an
e r g o d ic  p r o c e s s  by c o m p u ta t io n  o f  th e  s e t  o f  moment f u n c t i o n s
R(t T   T ) .
1 2 ^
I t  may, seem f r u i t l e s s  to  compute t h e  c h a r a c t e r i s t i c  f u n c t i o n  
when a sample f u n c t i o n  i s  a v a i l a b l e  -  i t  would be s im p le r  to  m o n i to r  
t h e  p r o b a b i l i t y  d i s t r i b u t i o n s .  However, t h i s  a p p ro a c h  p r o v id e s  th e  
l i n k  whereby th e  p r o b a b i l i s t i c  r e s p o n s e  o f  l i n e a r  sy s tem s  may be 
p r e d i c t e d  s o l e l y  from a know ledge o f  th e  in p u t*  C o n s id e r  th e  
f o l l o w i n g :  i f  a  r e l a t i o n s h i p  e x i s t s  be tw een  th e  moments o f  t h e  i n p u t  
and o u t p u t  o f  any g iv e n  sy s tem  i t  f o l lo w s  t h a t  t h e  o u t p u t  moments 
may be o b t a i n e d  from a r e c o r d  o f  th e  i n p u t .  J u s t  a s  t h e  i n p u t  was 
c h a r a c t e r i s e d  by d e f i n i t i o n  o f  i t s  moments, so to o  w i l l  t h e  o u t p u t .  
C l e a r l y  t h e n  f o r  co m p le te  p r o b a b i l i s t i c  d e s c r i p t i o n  o f  th e  r e s p o n s e  
to  a  g iv e n  s y s te m ,  a  r e c o r d  o f  t h e  i n p u t  and t h e  r e l a t i o n s h i p  
be tw een  moments o f  t h e  i n p u t  and o u tp u t  i s  s u f f i c i e n t .
The r e l a t i o n s h i p s  r e q u i r e d  a r e  th o s e  be tw een  th e  mean v a lu e
o f  t h e  o u t p u t  and i n p u t ,  be tw een  th e  a u t o - c o r r e l a t i o n  f u n c t i o n  R (t )
o f  o u t p u t  and i n p u t ,  be tw een  th e  t h i r d  p r o d u c t  moment f u n c t i o n
R (t T ) o f  o u t p u t  and i n p u t ,  e t c ,
1 2
C o n s id e r  any l i n e a r  sy s te m  w i th  im p u ls iv e  r e c e p ta n c e  h (T )  and
13
complex f re q u e n c y  r e s p o n s e  a ( i f ) .  I t  can be shown t h a t :
2 . 5 . 4
R ( t ) = / /  h ( e ) h ( p ) R  (T-e- 'n )dE dq  y X
w here x ( t )  and  y ( t )  a r e  t h e  sy s tem  in p u t  and o u t p u t .
By e x te n d in g  th e  a rgum ent i t  can be  s im p ly  shown t h a t : -
R ( t  T ) = = // /  h ( e ) h ( r i ) h ( ô ) R  (e-Ty-T , i > ô + t  )dcd'i;iô 
y 1 2 % 1 2
and in  g e n e r a l
R , ( t   ............ T ) = /  / h ( e )h ( 'n ) ... .......... h ( a ) h ( 6 )
(n 4- l ) f o l d  °
.R ( e -  T] + T , . . .  . a  -  6 r  T )d e  dri da dô 2 . 5 . 5
• ^ 1  n
C o n s e q u e n t ly ,  know ledge o f  h ( î )  o f  th e  sy s tem  t o g e t h e r  w i th  th e  
i n p u t  moment f u n c t i o n s  i m p l i e s  a l l  c o r r e s p o n d in g  moment f u n c t i o n s  
o f  t h e  o u t p u t .
S in c e  t h e  f r e q u e n c y  c o m p o s i t io n  o f  a  p r o c e s s  i s  o f t e n  o f  v e ry  
g r e a t  im p o r ta n c e  th e  s p e c t r a l  d e n s i t y  f u n c t i o n s  c o r r e s p o n d in g  to  
th e  h i g h e r  moment f u n c t i o n s  were d e f i n e d .  I n p u t / o u t p u t  
r e l a t i o n s h i p s  s i m i l a r  to  e q u a t io n  2 . 5*5  b u t  i n  th e  f r e q u e n c y  domain 
were d e r i v e d  f o r  l i n e a r  sy s tem s  i n  Appendix B, w here i t  i s  shown : -
s„(f f  f ) = a(if )a(i(f -f )  ci(i(f -f ))y 1 2 n  1 2 1  n  n - i
■ . a * ( i y ) s ^ ( y ........... y )
F ig u r e  1 9  g i v e s  a  s c h e m a tic  r e p r e s e n t a t i o n  o f  th e  s t e p s  r e q u i r e d  to  
d e r i v e  t h e  d i s t r i b u t i o n s  o f  th e  o u t p u t  o f  l i n e a r  sy s tem s  from in p u t  
i n f o r m a t io n  a lo n e .
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2 * 6 DISCUSSION OF HIGHER MOMENT MOTIONS
1 INDIVIDUAL MOMENT FUNCTIONS
At t h e  o u t s e t  o f  t h i s  r e s e a r c h  p r o j e c t  i t  was d e c id e d  to
d e te rm in e  what a d d i t i o n a l  i n f o r m a t io n  on random s i g n a l s  c o u ld  be
o b t a i n e d  from  th e  h i g h e r  moment f u n c t i o n s  w i th  p a r t i c u l a r  i n t e r e s t
i n  t h e  t h i r d  moment f u n c t i o n  R ( t t ) ,  There  i s  a  n a t u r a l  r e l u c t a n c e
1 2
to  c o n s i d e r  moment f u n c t i o n s  o f  o r d e r  g r e a t e r  t h a n  t h r e e  f o r  g e n e r a l  
u s e  i n  v iew  o f  t h e  d i f f i c u l t i e s  a s s o c i a t e d  w i th  t h e i r  p r e s e n t a t i o n .
I t  h a s  been  sho^^n t h a t  t h e  h i g h e r  moment f u n c t i o n s  can be  d e f in e d  
-- f o r  G a u ss ia n  p r o c e s s e s  ( s i g n a l s ) .  The t h i r d  and a l l  s u b s e q u e n t  odd
o r d e r  moment f u n c t i o n s  were shown to  be ze ro  r e g a r d l e s s  o f  th e
f r e q u e n c y  c o n te n t  o f  such  p r o c e s s e s .  The f o u r t h  and h i g h e r  even 
■ f u n c t i o n s  can  a l s o  be expanded  i n  te rm s  o f  t h e  second moment ( o r  a u t o ­
c o r r e l a t i o n )  f u n c t i o n  -  e q u a t i o n s  2.3*4* I t  was f u r t h e r  shovm t h a t  f o r  
any f i n i t e  d i g i t a l  sam ple  o f  a  G au ss ian  p r o c e s s  t h e  computed v a lu e s  
o f  t h e  t h i r d  moment f u n c t i o n  were n o t  z e ro  b u t  were fou n d  to  be  o f  
th e  same o r d e r  a s  th e  mean cube v a lu e  o f  th e  d a t a .  C l e a r l y  a s  th e
sample s i z e  i s  i n c r e a s e d  th e  mean cube v a lu e  w i l l  t e n d  to  ze ro  a s
w i l l  t h e  t h i r d  moment f u n c t i o n .  C o n se q u e n tly  u n l e s s  th e  sample s i z e  
i s  v e ry  l a r g e ,  i t  would be d i f f i c u l t  to  d i s t i n g u i s h  be tw een  
d e v i a t i o n s  from z e ro  i n  t h e  t h i r d  moment f u n c t i o n  c a u se d  by d e p a r t u r e s  
from  th e  G a u s s ia n  and th o s e  r e s u l t i n g  from th e  f i n i t e  sam p le .  F ig u re  20 
g i v e s  an i l l u s t r a t i o n  o f  t h i s .  The p l o t  o f  R( i , t ) f o r  t h e  G a u ss ia n  
sam ple i s  su p e r im p o se d  on t h a t  f o r  th e  sam ple c l i p p e d  a t  1 .5  s t a n d a r d  
d e v i a t i o n s  -  i . e .  a l l  v a l u e s  i n  th e  sam ple g r e a t e r  th a n  1 .5  a r e  s e t  
to  1 .5 *  I t  s h o u ld  be n o t e d  t h a t  a l lo w a n c e  h a s  been  made f o r  t h e  
r e d u c t i o n  i n  RMS v a lu e  o f  th e  d a t a  due to  th e  c l i p p i n g  by p l o t t i n g  
t h e  N o rm a l ise d  t h i r d  moment f u n c t i o n  w hich i s  d e f i n e d : -
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i f  ( T  T ) =  R ( t  t  ) / ( H M S ) ^
1 2  1 a
L i t t l e  i n d i c a t i o n  i e  g iv e n  i n  t h e  p l o t s  t o  s u g g e s t  th e  sample h as  
been  q u i t e  s e v e r e l y  c l i p p e d .  I t  i s  n o t  s u r p r i s i n g  t h a t  t h i s  i s  s o .
The n o r m a l i s e d  a u t o - c o r r e l a t i o n  g iv e s  l i t t l e  i n d i c a t i o n  e i t h e r ,  and a s  
shown i n  F ig u r e  42 th e  e f f e c t  o f  th e  c l i p p i n g  r e d u c e s  th e  o v e r a l l  l e v e l  
o f  t h e  spec trum  w i t h in  t h e  s p e c i f i e d  f r e q u e n c y  r a n g e s ,  b u t  has  l i t t l e  
e f f e c t  on i t s  sh a p e ;  i t  s h o u ld  be n o te d  t h a t  t h i s  r e f e r s  o n ly  to  
G au ss ian  s i g n a l s  whose s p e c t r a  a r e  w h i te  i n  t h i s  r a n g e ,  and may n o t  
a p p ly  to  n a rro w  band p r o c e s s e s *  I t  can t h e r e f o r e  be c o n c lu d e d  t h a t  th e  
h i g h e r  moment f u n c t i o n s ,  t a k e n  i n d i v i d u a l l y ,  can  g iv e  l i t t l e  i n f o r m a t io n  
on d e v i a t i o n s  from  t h e  G a u ss ia n  b u t  t a k e n  c o l l e c t i v e l y  w i l l  d e f in e  th e  
d i s t r i b u t i o n  u n iq u e ly  v i a  th e  c h a r a c t e r i s t i c  f u n c t i o n .
I t  i s  p e rh a p s  w o r th  n o t i n g  a t  t h i s  s t a g e ,  t h a t  one s i g n i f i c a n t  
d i f f e r e n c e  o c c u r s  be tw een  th e  second  and t h i r d  moment f u n c t i o n s .  R e c a l l  
t h a t  f o r  wide band  random p r o c e s s e s ,  where no s i n g l e  s in e  wave o r  s e t  
o f  s i n e  waves p r e d o m in a t e s ,  th e  a u t o - c o r r e l a t i o n  f u n c t i o n  f a l l s  o f f  
’ r a p i d l y  to  z e r o .  I f ,  how ever ,  t h e  p r o c e s s  i s  n a r ro w  bmid th e  p e r i o d i c i t y  
i n  t h e  s i g n a l  b e t r a y s  i t s e l f  by c a u s in g  th e  a u to - c o r - ' ‘e l a t i o n  f u n c t i o n  
to  f a l l  t o  z e ro  much l e s s  r a p i d l y .  The t h i r d  moment f u n c t i o n  f o r  a  s i n e  
wave i s  z e ro  -  Appendix A, I t  f o l l o w s  t h a t  a  G a u ss ia n  s i g n a l  s u p e r ­
imposed upon a  l a r g e  a m p l i tu d e  s in e  wave ( o r  c l o s e  s e t  o f  s i n e  waves) 
can be e x p e c te d  to  have a  th i rd ,  moment f u n c t i o n  s i m i l a r  to  t h a t  o f  th e  
G a u s s ia n  s i g n a l  a lo n e .
I n  v iew  o f  t h e  f a c t  t h a t  t h e  t h i r d  o r d e r  c o r r e l a t i o n  f u n c t i o n  i s  
z e ro  f o r  a  G a u ss ia n  s i g n a l  w i th  any f re q u e n c y  m n t e n t  and t h a t  f i n i t e  
sam ples  o f  G a u ss ia n  v a i i a b l e s  p roduce  t h i r d  c o r r e l a t i o n s  w i th  s m a l l  non­
ze ro  v a lu e s  w hich a r e  s i m i l a r  to  th o se  o f  o t h e r  p r a c t i c a l l y  o c c u r r i n g  
s i g n a l s ,  t h e  t h i r d  c o r r e l a t i o n  f u n c t i o n  R ( t t ) i s  l i k e l y  to  be o f  l i t t l e
u s e  on i t s  own. The m a jo r  d i s a d v a n ta g e  i n  t h i s  f u n c t i o n  f o r  a p p ro x im a te ! :
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G a u s s ia n  s i g n a l s  i s  t h a t  i t  g i v e s  no i n d i c a t i o n  o f  th e  f r e q u e n c y  c o n te n t
a s  does t h e  a u t o - c o r r e l a t i o n  f u n c t i o n .  The f o u r t h  and h i g h e r  c o r r e l a t i o n s
m ust be r e j e c t e d  f o r  g e n e r a l  u s e ,  i n  v iew  o f  t h e  c o m p u ta t io n s  r e q u i r e d
i n  t h e i r  c a l c u l a t i o n .
The F o u r i e r  T ra n sfo rm s  o f  th e  h i g h e r  moment f u n c t i o n s ,  s ( f  . , , f  ) ,
1 ^
a s  d e f i n e d  i n  Appendix B, p r o g r e s s i v e l y  b u i l d  up a  p i c t u r e  o f  th e  
f r e q u e n c y  c o m p o s i t io n  o f  a  random p r o c e s s .  J u s t  a s  th e  s p e c t r a l  d e n s i t y  
S( f )  o f  a  random s i g n a l  d e f i n e s  th e  r e l a t i v e  p r o p o r t i o n s  o f  each  f re q u e n c y  
p r e s e n t ,  th e  2 - d im e n s io n a l  sp ec tru m  S ( f  f  ) g i v e s  i n f o r m a t io n  on th e
1 3
p h a se  e x i s t i n g  betw een  f r e q u e n c i e s  f  and f  f o r  e a c h  f  , f  , I t  sh o u ld
I S  1 3
be remembered t h a t  th e  h i g h e r  moment f u n c t i o n s  a r e  n o t  s y m m e tr ic a l ,  i . e .
R ( t , t ) 4  r ( - t , - T
1 3  n 1 2  n
Care  m ust t h e r e f o r e  be e x e r c i s e d  i n  any d e f i n i t i o n  o f  o n e - s i d e d  s p e c t r a .
MOMENT FUNCTIONS TAKEN COLLECTIVELY
I t  h a s  been  shown t h a t  p r e d i c t i o n  o f  t h e  r e s p o n s e  o f  l i n e a r  sy s te m s  
to  g e n e r a l  n o n -G a u s s ia n  e x c i t a t i o n  c a n ,  i n  t h e o r y ,  be a c h ie v e d  v i a  th e  
h i g h e r  o r d e r  moment f u n c t i o n s  o f  th e  i n p u t  p r o c e s s .  The f o l l o w i n g  s t e p s  
a r e  r e q u i r e d
a)  C om pu ta t ion  o f  t h e  h i g h e r  moment f u n c t i o n s  R ( t t ) ,  r ( t t t
1 3  1 3  3
e t c  from a s t a t i s t i c a l l y  a d e q u a te  sam ple f u n c t i o n  o f  th e  i n p u t  • 
p r o c e s s  th e  v a lu e s  o f  t , t b e in g  d e te rm in e d  by  th e  o r d e r  o f  the
1 3
c h a r a c t e r i s t i c  f u n c t i o n  r e q u i r e d .
b) D e r iv a t io n  o f  t h e  c o r r e s p o n d in g  moments o f  th e  o u t p u t  p r o c e s s  
by e i t h e r  o f  th e  two m ethods o u t l i n e d  a b o v e ,  u s i n g  e i t h e r  th e  
sys tem  t r a n s f e r -  f u n c t i o n  o r  im p u ls iv e  r e c e p t a n c e .
c) E s t im a t i o n  o f  th e  o u t p u t  c h a r a c t e r i s t i c  f u n c t i o n  u s i n g  ( b ) .
d) F o u r i e r  i n v e r s i o n  o f  th e  c h a r a c t e r i s t i c  f u n c t i o n  to  g iv e  th e  
c o r r e s p o n d in g  p r o b a b i l i t y  d i s t r i b u t i o n  f u n c t i o n .
17 -
e) I n t é g r a t i o n  o f  th e  d i s t r i b u t i o n  f u n c t i o n  to  g iv e  lo w er  o r d e r  
d i s t r i b u t i o n s .
The above s t e p s  w i l l  now be c o n s id e r e d  i n  t u r n ,  o u t l i n i n g  any p r a c t i c a l  
d i f f i c u l t i e s  o r  s i m p l i f i c a t i o n s  where th e y  e x i s t  i n  each  c a s e .
(a )  C om puta t ion  o f  t h e  moment f u n c t i o n s  can  be  s im p ly  a c h ie v e d  w i th  
h ig h  speed  d i g i t a l  c o m p u te rs .  However, a s  th e  o r d e r  o f  moment i n c r e a s e s  
so to o  does t h e  c o m p u ta t io n  r e q u i r e d .  I f  f o r  e x a m p le ,  i n  t h e  c o m p u ta t io n  
o f  R ( t T T ) a l l  v a lu e s  o f  t ,T , t , from  1 to  20 a re  r e q u i r e d  from  a
1 2  3 1 2  3
sample o f  $000 v a lu e s  s a y ,  th e n  th e  number o f  q u a d ru p le  m u l t i p l i c a t i o n s  
r e q u i r e d  i s  a p p ro x im a te ly  20'  ^ x  50001 F o r t u n a t e l y ,  t i i i s  i s  n o t  
n e c e s s a r y .  C o n s id e r ,  f o r  ex am p le ,  e q u a t i o n  2 .5*1  where t h e  2 - d im e n s io n a l  
c h a r a c t e r i s t i c  f u n c t i o n  i s  ex p an d ed .  I t  can  be seen  t h a t  o n ly  f o u r  
v a lu e s  o f  t h e  f o u r t h  moment f u n c t i o n  a r e  r e q u i r e d ,  i . e .  r ( 0 , 0 , 0 ) , 
R ( 6 , 0 , 0 ) ,  R ( 0 , 0 , 6 ) .
(b) I n  o r d e r  t h a t  th e  above s i m p l i f i c a t i o n s  a r e  a p p l i c a b l e  to  th e
r e s p o n s e ,  th e  method u s e d  to  compute th e  o u t p u t  moments m ust be t h a t
g iv e n  by e q u a t i o n  2 .5*5?  where a o n e - to - o n e  r e l a t i o n s h i p  e x i s t s  be tw een
s p e c i f i c  v a lu e s  o f  t h e  moment f u n c t i o n s  o f  t h e  i n p u t  and o u t p u t .  T h is
o n e - to - o n e  r e l a t i o n s h i p  does  n o t  e x i s t  i n  t h e  s p e c t r a l  d e n s i t y  ap p ro a c h
w h e r e  a  w h o l e  s e t  o f  v a l u e s  o f ,  s a y ,  R ( t T ) i s  n e c e s s a r y  t o  comuute
1 2
one v a lu e  o f  S ( f  f  ) ,  However, c o m p u ta t io n  o f  h i g h e r  s p e c t r a l  d e n s i t y  
1 2
f u n c t i o n s  may be r e q u i r e d  f o r  i n f o r m a t i o n  on t h e  f r e q u e n c y  c o m p o s i t io n  
o f  p r o c e s s e s ,
( c )  T h is  i s  s im p ly  a c h ie v e d  once  th e  moments a r e  d e f i n e d .
(d) At t h e  p r e s e n t  t im e ,  t h e r e  a r e  m ethods o f  com puting  h i g h e r  o r d e r  
F o u r i e r  T r a n s fo rm s .  The f i r s t  o r d e r  t r a n s f o r m a t i o n  i s  w id e ly  p r a c t i s e d  
i n  s p e c t r a l  d e n s i t y  e s t i m a t e s  and th e  n e c e s s a r y  sm oo th ing  f u n c t i o n s ,  
e t c .  a r e  w e l l  docum en ted . I t  i s  n e c e s s a r y  how ever ,  t h a t  a t  l e a s t  second
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and  t h i r d  o r d e r  F o n r i e r  T r a n s f o r m a t io n  t e c h n i q u e s  a r e  d e v e lo p e d  
t o g e t h e r  w i t h  th e  c o r r e s p o n d in g  s p e c t r a l  e s t i m a t e s  and im plem en ted  on 
a  d i g i t a l  c o m p u te r ,
(e ) .  T h is  i s  a g a in  s im ply  ach ieved*
The f o r e g o i n g  m ethod can  p r e d i c t  th e  p r o b a b i l i s t i c  r e s p o n s e  o f  
l i n e a r  sy s te m s  to  n o n -G a u s s ia n  e x c i t a t i o n .  I t  h a s  been  shown to  
r e q u i r e  c o n s i d e r a b l e  c o m p u ta t io n  i n  i t s  e x e c u t i o n .  However, w i th  some 
r e s t r i c t i o n  on th e  o r d e r  o f  d i s t r i b u t i o n  f u n c t i o n  r e q u i r e d ,  i t  w i l l  be 
o f  u s e  i n  f a t i g u e  a n a l y s i s  where a m p l i tu d e  p r o b a b i l i t y  d i s t r i b u t i o n s  
a r e  o f  pa ram oun t im p o r ta n c e  and f re q u e n c y  c o n te n t  o f  s e c o n d a ry  
im p o r ta n c e .  Fo r  th e  c a s e s  w here th e  above m ethod i s  u n n e c e s s a r y  o r  
u n j u s t i f i e d ,  a n o th e r  m ethod m ust be fo u n d .  C o n s e q u e n t ly ,  i t  was 
d e c id e d  to  i n v e s t i g a t e  N um erica l  I n t e g r a t i o n  t e c h n i q u e s  as  a  m ethod o f  
r e s p o n s e  p r e d i c t i o n .  Such m ethods a r e  c o n s id e r e d  more am enable to  
p e r i o d i c  f u n c t i o n s ,  b u t  i t  was th o u g h t  n e c e s s a r y  to  d e te rm in e  to  what 
d e g re e  t h e s e  m ethods c o u ld  be  a p p l i e d  to  random v i b r a t i o n  p ro b le m s .
SECTION 3 
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3 . NUMERICAL INTEGRATION TECHNIQUES
3 .1  A NEED FOR REAL-TIME RESPONSE PREDICTION
I n  S e c t i o n  2 ,  i t  was shown to  be p o s s i b l e  t o  p r e d i c t  p r o b a b i l i s t i c  
i n f o r m a t i o n  on th e  r e s p o n s e  o f  g iv en  l i n e a r  sy s te m s  to  g e n e r a l  
s t a t i o n a r y  random e x c i t a t i o n .  I t  was d e m o n s t ra te d  t h a t  i n f o r m a t io n  on 
th e  i n p u t  p r o c e s s  was i t s e l f  s u f f i c i e n t  to  a c h ie v e  t h i s .  By u t i l i s i n g  
th e  h i g h e r  p r o d u c t  moments o f  th e  e x c i t a t i o n  p r o c e s s  t h e  c o r r e s p o n d in g  
p r o d u c t  moments o f  th e  r e s p o n s e  p r o c e s s  c o u ld  be e v a lu a t e d  v i a  t h e  
dynamic o r  im p u ls iv e  r e c e p ta n c e  o f  th e  system* These r e s p o n s e  moments 
p e r m i t t e d  e s t i m a t i o n  o f  th e  c h a r a c t e r i s t i c  f u n c t i o n  o f  th e  r e s p o n s e  
w h ich ,  on F o u r i e r  I n v e r s i o n ,  p ro v id e d  th e  r e q u i r e d  p r o b a b i l i t y  
d i s t r i b u t i o n s .
I n  o r d e r  t h a t  th e  p r o d u c t  moments o f  t h e  i n p u t  p r o c e s s  be 
c a l c u l a t e d ,  a  sam ple  t im e  h i s t o r y  ( o r  a  d i g i t a l  r e p r e s e n t a t i o n  o f  i t )  
i s  n e c e s s a r y .  From t h i s  t im e  h i s t o r y  o f  th e  e x c i t a t i o n  p r o c e s s  th e  
p r o d u c t  moments o f  th e  r e s p o n s e  p r o c e s s  may be d e r i v e d .  The above 
t h e o r e t i c a l  m e thod , i n  p r o v i d i n g  the  p r o b a b i l i t y  d i s t r i b u t i o n s  from 
t h e s e  r e s p o n s e  moments, a t  no t im e  g iv e s  s u f f i c i e n t  i n f o r m a t io n  to  
c o n s t r u c t  a  t im e  h i s t o r y  o f  th e  r e s p o n s e  -  o n ly  t h e  p r o b a b i l i t y  t h a t  
p a r t i c u l a r  s e q u e n c e s  o f  v a lu e s  w i l l  o c c u r  i n  su c h  a  r e c o r d .  W hile Biu^h 
in f o r m a t io n  i s  s u f f i c i e n t  i n  many i n s t a n c e s  t h e r e  a r e  many b e n e f i t s  to  
be  g a in e d  from o b t a i n i n g  a r e a l - t i m e  r e c o r d  o f  t h e  r e s p o n s e .  Some o f  
t h e s e  a d v a n ta g e s  a r e  a s  f o l l o w s ; ~
i )  t h o s e  e x p e r i e n c e d  in  random a n a l y s i s  can  draw much i n f o r m a t i o n  on 
th e  c h a r a c t e r i s t i c s  o f  a  random s i g n a l  from  a  v i s u a l  r e p r e s e n t a t i o n ,
i i )  t h e  r e a l - t i m e  r e c c e d  ( i n  d i g i t a l  form ) c a n ,  w i th  a  d i g i t a l  s p e c t r a l  
a n a l y s i s  p a c k a g e ,  p r o v id e  i n f o r m a t io n  on th e  f r e q u e n c y  c o n te n t  o f  
t h e  p r o c e s s  -  t h e  m ost im p o r ta n t  f a c t o r  i n  many a p p l i c a t i o n s .
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i i i )  i n  f a t i g u e  a n a l y s i s  r e a l - t i m e  r e c o r d s  p e r m i t  c o m p u ta t io n  o f  
p a r a m e te r s  such  a s  peak d i s t r i b u t i o n s ,  l e v e l  c r o s s i n g s ,  tim e 
be tw een  l e v e l s ,  and so on .
The f o r e g o i n g  t h e o r e t i c a l  method d e p r i v e s  th e  u s e r  o f  such  
a d v a n ta g e s .  As i n l l l  be  s h o rn  l a t e r  th e  t e c h n iq u e  o f  N u m erica l  
I n t e g r a t i o n  can  p r o v id e  r e a l - t i m e  r e c o r d s  when u s e d  a s  a  method o f  
r e s p o n s e  p r e d i c t i o n .
B e fo re  p r o c e e d in g  to  o u t l i n e  th e  t e c h n iq u e s  o f  n u m e r ic a l  
i n t e g r a t i o n  i t  i s  a p p r o p r i a t e  to  d e s c r i b e  a  p ro b le m  o f  r e s p o n s e  
p r e d i c t i o n  o f  c u r r e n t  i n t e r e s t  to  th e  a u th o r  and how i t  i s  hoped to  
employ i n t e g r a t i o n  m ethods i n  th e  p r o v i s i o n  o f  a  s o l u t i o n .  I t  w i l l  
a l s o  p r o v id e  a b l u e p r i n t  o f  t h e  m anner i n  w hich s i m i l a r  p rob lem s may 
be  h a n d le d .
The p rob lem  i s  t h a t  o f  e s t i m a t i n g  t h e  r e s p o n s e  o f  a  m o to r  v e h i c l e  
a s  i t  moves a t  c o n s t a n t  sp e ed  o v e r  a  ro ad  s u r f a c e .  The v e h i c l e  may be 
a  c a r  o r  t r u c k  and th e  r o a d  s u r f a c e  may be o f  any t y p e .  The p rob lem  
can be v i s u a l i s e d  i n  t h r e e  s e p a r a t e  s t a g e s
( a )  D e s c r i p t i o n  o f  th e  i n p u t
C l e a r l y  t h e  i n i t i a l  s t e p  i n  any r e s p o n s e  p r e d i c t i o n  m ust be 
a d e q u a te  d e f i n i t i o n  o f  th e  i n p u t .  A wide v a r i e t y  o f  ro a d  s u r f a c e s  
have  h i t h e r t o  been  s u rv e y e d  b o t h  i n  B r i t a i n  and on th e  C o n t i n e n t ,  The 
s u r v e y in g  t e  c l in iq u e s  may be s im p le ,  em p loy ing  a  c i v i l  e n g in e e r i n g  s t a f f  
and t h e o d o l i t e  o r  may be more s o p h i s t i c a t e d ,  t h e  s u r v e y in g  being- 
p e rfo rm e d  by  a  sm a l l  wheel a t t a c h e d  to  a  moving v e h i c l e  ^ 6 ] .  I n  e i t h e r  
c a s e ,  a  d i g i t a l  r e p r e s e n t a t i o n  o f  t h e  ro a d  s u r f a c e  h e i g h t s ,  a s  a  
f u n c t i o n  o f  d i s t a n c e  m easu red  a lo n g  th e  s t r e t c h  o f  r o a d ,  i s  o b t a i n e d .  
Once t h e  v e h i c l e  speed  i s  d e f i n e d  i t  i s  a  s im p le  m a t t e r  to  o b t a i n  t h e  
s u r f a c e  h e i g h t s  a s  a  f u n c t i o n  o f  t im e .  T h is  i s  t h e  a m p l i tu d e  -  t im e  
r e c o r d  o f  th e  i n p u t  to  th e  v e h i c l e .  I t  s h o u ld  be s t r e s s e d  t h a t  f o r  a
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r e a l i s t i c  i n p u t  f o u r  su c h  r e c o r d s  a r e  n e c e s s a r y ,  one f o r  e a ch  wheel on 
th e  v e h i c l e .  I n  o r d e r  to  d e f i n e  th e s e  r e c o r d s  a c c u r a t e l y ,  th e  c r o s s ­
c o r r e l a t i o n  be tw een  th e  two t r a c k s  i s  r e q u i r e d *  At p r e s e n t ,  i n f o r m a t io n  
on t h i s  c o r r e l a t i o n  i s  n o t  a v a i l a b l e ,  e x c e p t  f o r  a  fevf i s o l a t e d  ro a d  
s u r f a c e s ,  b u t  i t  has  been  shomi by th e  a u th o r  [ ]  t h a t  a s su m p t io n s  o f  
ze ro  c r o s s - c o r r e l a t i o n  betw een  th e  t r a c k s  does  n o t  i n t r o d u c e  s e r i o u s  
e r r o r s  o v e r  su c h  a  wide f re q u e n c y  ra n g e  i n  th e  r e s p o n s e  p r e d i c t i o n  as  
i s  t h e  c a s e  when th e  t r a c k s  a r e  ta k e n  to  be i d e n t i c a l ' ^  i . e .  vn.th maximum 
c r o s s - c o r r e l a t i o n .  C o n s id e ra b le  p h ase  i n f o r m a t i o n  w i l l ,  how ever , be 
a v a i l a b l e  s h o r t l y  a s  a  r e s u l t  o f  work b e in g  c u r r e n t l y  u n d e r ta k e n  by 
M .I .R .A .  (M otor I n d u s t r y  R e s e a rc h  A s s o c i a t i o n ) .  I t  w i l l  th e n  be  p o s s i b l e  
t o  d e s c r i b e  r o a d  s u r f a c e  e x c i t a t i o n s  to  v e h i c l e s  t o  a  h ig h  d e g re e  o f  
a c c u r a c y .
(b )  t h e  second  s t a g e  i n  r e s p o n s e  p r e d i c t i o n  i s  th e  d e f i n t i o n  o f  th e  
sys tem  -  i n  t h i s  c a se  a  m otor v e h i c l e .  In  v iew  o f  t h e  g r e a t  c o m p le x i ty  
o f  a  m oto r  v e h i c l e  c e r t a i n  a s su m p t io n s  must be made i n  i t s  r e p r e s e n t a t i o n  
a s  a  dynamic sy s te m . I t  i s  u s u a l  to  r e p r e s e n t  a  v e h i c l e  by a m a th e m a t ic a l  
model whose com ponents  a r e  l i n e a r  a p p ro x im a t io n s  t o  th o s e  o f  t h e  v e h i c l e .  
Such m odels  a r e  c u r r e n t l y  b e in g  d e v e lo p e d  i n  t h e  D epartm ent by th e  
a u t h o r .  The m a th e m a t ic a l  m odels  p r o v id e  s e t s  o f  d i f f e r e n t i a l  e q u a t i o n s  
( o f  th e  second  o r d e r )  w hich  d e f i n e  th e  b e h a v io u r  o f  th e  sy s te m . The
ro a d  s u r f a c e  e x c i t a t i o n s  a r e  i n c o r p o r a t e d  i n  t h e s e  e q u a t i o n s .
(c )  t h e  f i n a l  s t e p  i s  th e  s o l v i n g  o f  th e  s e t  o f  d i f f e r e n t i a l  e q u a t io n s  
r e p r e s e n t i n g  th e  sy s tem  to  o b t a i n  th e  r e s p o n s e  o f  t h e  sy s te m . I t  i s  a t  
t h i s  s t a g e  t h a t  N u m erica l  I n t e g r a t i o n  t e c h n i q u e s  a r e  hoped to  be 
s u c c e s s f u l l y  employed i n  t h e  s o l u t i o n  o f  t h e s e  e q u a t i o n s .  The means by 
w hich  th e  n u m e r ic a l  m ethods p r o v id e  th e  s o l u t i o n  w i l l  be o u t l i n e d  i n  
th e  f o l l o w i n g  s e c t i o n .
T h is  a s su m p t io n  a r i s e s  when a  2 -d im e n s io n a l  v e h i c l e  model i s  used
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N um erica l  I n t e g r a t i o n  t e c h n iq u e s  have h i t h e r t o  been s u c c e s s f u l l y  
a p p l i e d  t o  dynamic r e s p o n s e  p rob lem s s i m i l a r  t o  t h e  one  a bove .
However, i n  t h e s e  c a s e s  th e  i n p u t s  were e i t h e r  s i n g l e ,  t r a n s i e n t  
i n d u c i n g ,  im p u ls e s  o r  were c f  a  p e r i o d i c  n a t u r e ,  and hence  th e  r e s p o n s e s  
were p e r i o d i c .  I t  would in d e e d  be a s t e p  fo rw a rd  i f  such  m ethods co u ld  
be a p p l i e d  to  random r e s p o n s e  p r e d i c t i o n  i n  g e n e r a l .
C o n s e q u e n t ly ,  i t  was n e c e s s a r y  t o  t e s t  a  t y p i c a l  n u m e r ic a l  
i n t e g r a t i o n  pack ag e  w i th  a  prob lem  in  random r e s p o n s e  p r e d i c t i o n  o f  
known s o l u t i o n .  I n  th e  s u b s e q u e n t  s e c t i o n s ,  a  b r i e f  d e s c r i p t i o n  o f  the  
t h e o r y  o f  n u m e r ic a l  i n t e g r a t i o n  w i l l  be g iv e n  t o g e t h e r  w i th  t h e  
p a r t i c u l a r  t e s t  p rob lem  p e rfo rm e d  on th e  s e l e c t e d  p a c k ag e .
I t  i s  p e rh a p s  w o r th  s t r e s s i n g  a t  t h i s  p o i n t  t h a t  w h i le  th e  scope 
o f  t h i s  r e p o r t  i s  t h e  t e s t i n g  o f  random re s p o n s e  p rob lem s w i th  l i n e a r  
sy s tem s  and s t a t i o n a r y  e x c i t a t i o n s ,  t h e r e  i s  no r e a s o n  why th e  t e c h n iq u e s  
s h o u ld  n o t  be a p p l i c a b l e  to  n o n - l i n e a r  sy s te m s  w i th  n o n - s t a t i o n a r y  
e x c i t a t i o n s ®  I t  i s  t h e  p u rp o se  o f  th e  f o l l o w i n g  s e c t i o n s  t o  e s t a b l i s h  
a  m ethod o f  e v a l u a t i n g  th e  t e c h n i q u e s ,  u s i n g  th e  p a r t i c u l a r  (b u t  
p e rh a p s  m ost common) p ro b le m , t h a t  o f  l i n e a r  sy s te m s  s u b j e c t e d  t o  
s t a t i o n a r y  e x c i t a t i o n »
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3•2 THEORY OF NUMERICAL INTEGRATION METHODS '
I t  m ust f i r s t l y  be s t a t e d  t h a t  th e  t h e o r y  o f  N um erica l  
I n t e g r a t i o n  m ethods i s  v e ry  com plex . W hile  t h e  fu n d a m e n ta l  i d e a s  
b e h in d  th e  i n t e g r a t i o n  t e c h n iq u e s  a r e  s im p le ,  t h e i r  p r a c t i c a l  
a p p l i c a t i o n  i s  in d e e d  v e ry  c o m p l ic a te d .  T h is  i s  e s p e c i a l l y  t r u e  o f  
su c h  f a c t o r s  a s  e r r o r  e s t i m a t i o n ,  p r e d i c t o r  c o r r e c t o r s ,  and s i m i l a r  
p a r a m e t e r s .  C o n s id e ra b le  r e s e a r c h  h a s  been  c a r r i e d  o u t  to  d e v e lo p  
t h e s e  t e c h n i q u e s  and ' s e v e r a l  com puter  ’p a c k a g e s '  a r e  c u r r e n t l y  a v a i l a b l e .  
The s p e c i f i c  d e t a i l s  o f  th e  t h e o r y  on which t h e s e  p a c k ag e s  a r e  b a s e d  
need  n o t  c o n c e rn  th e  v i b r a t i o n  a n a l y s t .  I t  w i l l  be s u f f i c i e n t  to  have 
a g e n e r a l  g r a s p  o f  th e  p r i n c i p l e s  in v o lv e d  so t h a t  p ru d e n t  c h o ic e  o f  th e  
u s e r - s p e c i f i e d  v a r i a b l e s  in  such  packages  may be  made.
To t h i s  end a b r i e f  d e s c r i p t i o n  o f  th e  t h e o r y  w i l l  be g iv e n  h e r e  
and w i l l  be  o f  a  s u f f i c i e n t l y  g e n e r a l  n a t u r e  t o  be a p p l i c a b l e  t o  a  
wide r a n g e  o f  i n t e g r a t i o n  p a c k a g e s .
As s t a t e d  a b o v e ,  i t  i s  r e q u i r e d  to  s o lv e  a s e t  o f  d i f f e r e n t i a l  
e q u a t i o n s .  These e q u a t io n s  a r e  g e n e r a l l y  o f  seco n d  o r d e r ,  b u t  to  a v o id  
n e e d l e s s  c o m p l ic a t io n  a s i n g l e  e q u a t io n  o f  t h e  f i r s t  o r d e r  w i l l  s e rv e  
t o  i l l u s t r a t e  th e  t e c h n i q u e s  f o r  t h e  t im e  b e in g .
C o n s id e r  t h e  i n i t i a l  v a lu e  p rob lem ,
y '  = f ( x , y )  y ( x ^ )  = y^ 3 .2 ,1
The f i r s t  s t e p  i s  to  f i n d  th e  v a lu e  y  w hich  i s  th e  s o l u t i o n  o f  th e  
d i f f e r e n t i a l  e q u a t io n  f o r  x = x ^ a h ,  where h i s  some f i x e d  v a lu e  known 
a s  t h e  s t e p  l e n g t h  ( s i z e ) . R e c a l l  T a y l o r ' s  s e r i e s  to  e s t i m a t e  y  .
y(xH'h) = y ( x )  + h y ' ( x )  + -yr y ” (x )   ^ 5 . 2 , 2
W r i t in g  y '  = f ( x , y )  = f : -
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y (x + h )  = y ( x )  + h f  + ^  f ’ + “  i "  + 5 . 2 . 5cL *!f j  •
w here a r e  e v a l u a t e d  a t  ( x , y ( x ) ) .
I f  h i s  s m a l l ,  te rm s  i n  h ^ , h ^ , . . , . e t c  may he  n e g l e c t e d  g i v i n g  th e
a p p ro x im a t io n  : ~
y (x + h )  = y ( x )  + h f  5 *2 . 4
The c o m p u ta t io n  may now p r o c e e d : -  
y (x ^ + h )  = y^ = y^ + h f ( x ^ ,y ^ )
y ( x  +2h) = y = y  + h f ( x  + h ,y  ) 5 *2 . 5
O 3 1 O X
y(x ^+ n h )  = “  (x ^ + (n - l )h ,y ^ _ j^ )
F i g u r e  21 i l l u s t r a t e s  t h i s  t e c h n iq u e  g r a p h i c a l l y .  I n  an a t t e m p t  to
f o l l o w  th e  cu rv e  from th e  p o i n t  (x ,y  ) a  d i s t a n c e  h ,  in  t h e  x -0 0
d i r e c t i o n ,  i s  moved a t  g r a d i e n t  f ( x ^ , y ^ ) .  T h is  d e f i n e s  t h e  new p o i n t
(x  + h , y ' ) ,  A f u r t h e r  d i s t a n c e  h i s  moved w i th  g r a d i e n t  f ( x  + h ,y  ) to
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th e  p o i n t  (x  +2h , y  ) .  T h is  p r o c e s s  i s  r e p e a t e d  th ro u g h o u t  th e  range  o s
o f  i n t e g r a t i o n .  I t  can he se en  t h a t  a s  t h e  i n t e g r a t i o n  p ro c e e d s  th e  
e s t i m a t e d  p o i n t s  g r a d u a l l y  move away from  t h e  c u r v e .  F o r  c o n v e n ie n c e ,  
t h e  s t e p  l e n g t h  h was k e p t  c o n s t a n t  b u t  t h i s  n e e d  n o t  be t h e  c a s e .
T h is  v e i y  s im p le  p r o c e s s  i s  t h e  E u le r  m ethod . I t  i s  a  f i r s t - o r d e r  
method s i n c e  o n ly  te rm s  up to  t h e  f i r s t  power o f  h  a r e  c o n s id e r e d  i n  
th e  T a y l o r ’ s s e r i e s .  The o m is s io n  o f  o r d e r s  o f  h ,  g r e a t e r  th a n  o r  
e q u a l  to  2 ,  c a u s e s  a  t r u n c a t i o n  e r r o r  o f  o r d e r  h ^ .  F u r t h e r  e r r o r  i s  
i n t r o d u c e d  s in c e  t h e  e s t i m a t i o n  o f  y(x^_^) i s  b a s e d  upon t h e  v a lu e
w hich i s  i t s e l f  an e s t i m a t e .  As i l l u s t r a t e d  g r a p h i c e i l y ,  t h e s e  e r r o r s  
can  mount up a s  th e  i n t e g r a t i o n  p r o c e e d s .
However, a  much im proved  s o l u t i o n  can be o b t a i n e d  by a s im p le
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m o d i f i c a t i o n .  T h is  i s  t h e  a d a p t io n  o f  a  c o r r e c t i o n  p r o c e d u r e . R e fe r  
to  F ig u r e  22 . As i n  th e  p r e v io u s  m ethod , th e  p o i n t  y  i s  c a l c u l a t e d .
The d e r i v a t i v e  a t  t h i s  p o i n t  i s  d e te rm in e d  i . e .  f ( x  -i-h,y ) * The a v e ra g e
o 1
o f  t h e  d e r i v a t i v e s  a t  y and y  i s  found  and a  new a p u ro x im a t io n  y(^^
o  1 1
i s  o b t a i n e d ,  i . e .
= y  + ™ (f(%  ,y  ) + f ( x  -idi,y ) )  5 . 2 . 61 O C O o O 1
F u r t h e r  a p p ro x im a t io n s  y  can  be made by u s i n g  th e  c u r r e n t  v a lu e  y i . e .
■j. 1
i  f(%o+b,y^ ) )  3 .2 .7
- ” A f t e r  s u f f i c i e n t  c o r r e c t i o n s  have  been made, th e  f i n a l  v a lu e  o f  y  can
be  u s e d  as  a  s t a r t i n g  p o i n t  t o  o b t a i n  th e  p o i n t  y^^, C o r r e c t iv e
p r o c e d u r e s  can now be s i m i l a r l y  a p p l i e d  to  y . T h is  p r o c e s s  i s  r e p e a t e d
o v e r  th e  e n t i r e  i n t e r v a l  o f  i n t e g r a t i o n .  T h is  i s  kn.ov:n a s  th e  E u l e r -  
t r a p e z o i d a l  m ethod . I t  p r o v id e s  a  s im p le  exam ple  o f  a  p r e d i c t o r -  
c o r r e c t o r  fo rm u la .  The p r e d i c t o r - c o r r e c t o r  m ethods employed i n  th e  
i n t e g r a t i o n  p a c k ag e s  a r e  b a s e d  upon th e  same p r i n c i p l e  b u t  i n f o r m a t io n  
on s e v e r a l  p r e v i o u s  v a lu e s  a r e  u s e d  to  o b t a i n  an i n c r e a s e  i n  a c c u r a c y .
The E u l e r  m ethod would n o t  be u s e d  i n  p r a c t i c e ,  i n  v iew  o f  i t s  
s i m p l i c i t y  and r e s u l t a n t  i n a c c u r a c y .  More r e f i n e d  v e r s i o n s  b a s e d  on 
th e  same p r i n c i p l e  a r e  how ever ,  c u r r e n t l y  i n  u s e .
The o t h e r  c l a s s  o f  m ethods in  w id e s p re a d  u s e  i s  t h e  R u n g e -K u tta  
t y p e .  Many v e r s i o n s  o f  t h i s  type  e x i s t  b u t  a r e  a l l  b a se d  on e s t i m a t e s  
o f  t h e  d e r i v a t i v e ,  n o t  o n ly  a t  th e  ends o f  t h e  i n t e r v a l  h ,  b u t  a l s o  a t  
i n t e r m e d i a t e  p o i n t s ,  A f u r t h e r  f e a t u r e  o f  t h e s e  m ethods i s  t h a t  th e  
c a l c u l a t i o n  u s e s  o n ly  t h e  v a lu e s  a t  the  i n i t i a l  p o i n t  and p r e v i o u s  
e s t i m a t e s  a r e  n e i t h e r  u se d  n o r  s t o r e d .  A t y p i c a l  example o f  a  Runge- 
K u t t a  m ethod w i l l  be  o u t l i n e d  to  i n d i c a t e  t h e  m ethod o f  c o m p u ta t io n ,
/ The exam ple i s  a  f o u r t h - o r d e r  v e r s i o n .  The s t e p  s i z e  w i l l  be
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assumed c o n s t a n t  b u r ,  a g a in  need  n o t  be so -  i n  a  v a r i a b l e  s t e p  
v e r s i o n  th e  l e n g t h  o f  th e  s t e p  would be d e te rm in e d  i n  a c c o rd a n c e  w i th  
some e r r o r  c r i t e r i o n .  Use o f  t h i s  method r e q u i r e s  f o u r  q u a n t i t i e s  to  
be c a l c u l a t e d  a t  each  i n t e g r a t i o n  i n t e r v a l ,  n a m e ly : -
an .  h f (X n ,y n )
5.2.8
° n  = h f(% n  +  t  + /  )
dn = h f ( X n  + h ,Z n  + o „ )
The v a lu e  y^^^ i s  g iv e n  b y ; -
+ 2Cn + d,,)
S in c e  y '  -  f ( x , y )  = Ay/h i t  can  be seen  t h a t  a ^ ,  b^., c ^ ,  d^ ,^ a r e
e s t i m a t e s  o f  th e  in c r e m e n ts  i n  y  a t  th e  l e f t  h a n d ,  tw ic e  a t  th e  c e n t r e ,  
and a t  th e  r i g h t - h a n d  o f  th e  i n t e g r a t i o n  i n t e r v a l .  I n  c a l c u l a t i n g  
^ n+ 1 ’ p r e v io u s  e s t i m a t e s  a^^, b ^ ,  c ^ ,  d ^ ,  a r e  a v a i l a b l e  and a
w e ig h te d - a v e r a g e  v a lu e  o f  th e s e  in c re m e n ts  i n  y  p r o v id e  th e  e s t i m a t e  
o f  th e  v a lu e  y ^ ^ ^ .
Most dynamic sy s tem s  can be r e p r e s e n t e d  by s e t s  o f  second  o r d e r  
d i f f e r e n t i a l  e q u a t i o n s  o f  t h e  fo rm ,
y" -  f ( x , y , y ' )  5 . 2 . 9
The d e r i v a t i v e  o f  T a y l o r ' s  s e r i e s  i s  r e q u i r e d
h®
y ' ( x a h )  = y ' ( x )  + h y " (x )  + - ^ y ’ " ( x )  . . . .
The R unge -K u tta  method when a p p l i e d  to  second  o r d e r  e q u a t io n s  r e q u i r e s  
c o m p u ta t io n  o f  th e  f o l l o w i n g  v a r i a b l e s  a t  each  s t e p : -  ,
a  = ^  n o t i n g  t h a t  y ^ , y ' ^  a r e  e v a lu a t e d  up to  th e
te rm  i n  h'  ^ i n  t h e  r e l e v a n t  T a y lo r  ex p a n s io n
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h  = I  I  ' n^ + “n’^ 'n + %) "^ero = |  (y  ^ + - f  )
°n = I  + ! • ? „  + V ' n  +
^n " t  ^n'^'n *^' "here = h(y'^ + c^)
The new v a lu e  y^^^ i s  now g iv e n  b y ,
^n+l " y» + k(y'n H- .q) where E^  = i  ^V
and
y 'n + l “ y 'n  + ^*n "^ere E ^  = i  (a^+2b^+2o^i-d.^)
The n e x t  s t e p  i n  th e  r o u t i n e  w i l l  r e q u i r e  y '  ^ . R e p e t i t i o n  o f  th e
above sequence  i s  p e r fo rm e d  th ro u g h o u t  th e  i n t e r v a l  o f  i n t e g r a t i o n .
In  th e  m ethods d e s c r i b e d  ab o v e ,  t h e  s t e p  l e n g t h  h has  been 
assumed c o n s t a n t .  The f a c i l i t y  o f  a  v a r i a b l e  s t e p  l e n g t h  i s  o f f e r e d  
by many r o u t i n e s  and w i l l  be  m en t io n e d  h e r e .  The o p e r a t i o n  o f  t h e s e  
m ethods i s  a s  f o l l o w s ,  A v a lu e  o f  h i s  c h o sen  w i t h i n  th e  program  -  
u s u a l l y  a s  some f r a c t i o n  o f  a  u s e r - s p e c i f i e d  p a r a m e te r  -  and th e  f i r s t  
s t e p  e x e c u te d .  The v a lu e  o f  th e  s t e p  l e n g t h  i s  r e d u c e d  and th e  s t e p  
r e - e x e c u t e d .  I f  th e  d i f f e r e n c e  betw een th e  two computed v a lu e s  
s a t i s f i e s  th e  e r r o r  c r i t e r i o n ,  t h e  s o l u t i o n  i s  a c c e p te d *  I f  i t  i s  
o u t w i th  th e  s p e c i f i e d  e r r o r ,  h i s  f u r t h e r  r e d u c e d  u n t i l  th e  e r r o r  
c r i t e r i o n  i s  s a t i s f i e d .  The s p e c i f i e d  e r r o r  may be  a r e l a t i v e  o r  an 
a b s o l u t e  e r r o r  and  i n  many p a c k ag e s  i s  s p e c i f i e d  e i t h e r  by th e  u s e r  o r  
by d e f a u l t .  I n t e g r a t i o n  r o u t i n e s  v a ry  c o n s i d e r a b l y  in  th e  ty p e  o f  
e r r o r  c r i t e r i o n  a d a p te d .
I t  m ust be em phasised  t h a t  w h i le  th e  s i m p l e s t  i n t e g r a t i o n  method 
w i l l  c e r t a i n l y  g iv e  o n ly  a p p ro x im a te  s o l u t i o n s ,  v e ry  s o p h i s t i c a t e d  
r o u t i n e s  n eed  n o t  g iv e  h i g h l y  a c c u r a t e  e s t i m a t e s .  I t  i s  a  f a c t  t h a t  
i n  s t r i v i n g  f o r  a  h ig h  d e g re e  o f  a c c u r a c y ,  p ro b lem s  o f  s t a b i l i t y  can 
a r i s e :  i . e .  t h e  e r r o r s  become g r e a t l y  m a g n i f ie d  a s  t h e  c o m p u ta t io n a l
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se q u e n c e  p r o g r e s s e s  u n t i l  t h e  r o u t i n e  b r e a k s  dovm. I t  i s  p r a c t i c a l l y  
i m p o s s ib l e  to  s t a t e  w i th  any c e r t a i n t y ,  t h a t  a  p a r t i c u l a r  r o u t i n e  w i l l  
g iv e  good r e s u l t s  w i th  a  p a r t i c u l a r  ty p e  o f  p ro b le m , w i th o u t  p r i o r  
t e s t i n g .  C l e a r l y  g r e a t  c a r e  m ust be talc en when u s i n g  n u m e r ic a l  
i n t e g r a t i o n  m ethods -  t h i s  c a n n o t  be s t r e s s e d  to  h i g h ly  -  s i n c e  t h e  
m arg in  be tw een  a v e ry  good e s t i m a t i o n  and a. v e ry  p o o r  one can be  s l i g h t  
The above o u t l i n e  o f  t h e  t h e o r y  o f  i n t e g r a t i o n  m ethods i s ,  o f  
n e c e s s i t y ,  s e v e r e l y  c u r t a i l e d .  However, i t  s h o u ld  be s u f f i c i e n t  f o r  
m ost a p p l i c a t i o n s  whën c o n s id e r e d  in  c o n ju n c t io n  w i th  th e  i n f o r m a t io n  
p r o v id e d  i n  package  u s e r - m a n u a l .
5 . 5  THE C .S .M .P . PACKIGE
I n  o r d e r  to  a s c e r t a i n  w h e th e r  n u m e r ic a l  i n t e g r a t i o n  m ethods a r e  
a p p l i c a b l e  to  random re s p o n s e  p r e d i c t i o n ,  a  t y p i c a l  com m ercial package  
was c h o s e n .  The package was t h e  IBM 'C o n t in u o u s  System s M o d e l l in g  
P rogram ' known as  T h is  package i s  im p lem en ted  on m ost IBM
com pu te rs  and a s  such  h a s  wide a p p l i c a t i o n .  The f a c i l i t i e s  p ro v id e d  
by  C.S.MoP, a r e  w e l l  documented in  th e  u s e r ’ s m anual [ s ]  , b u t ,  f o r  
c o m p le te n e s s ,  a b r i e f  d e s c r i p t i o n  i s  a p p r o p r i a t e ,
G ,S .M ,P . i s  a  g e n e r a l  p u rp o se  package  w i th  a  wide range  o f  
a p p l i c a t i o n s .  I t  o f f e r s  a  c h o ic e  o f  seven  i n t e g r a t i o n  r o u t i n e s  v a r y i n g  
i n  c o m p le x i ty  from a s im p le  r e c t a n g u l a r  m ethod to  a  M ilne  m ethod , 
w r i t t e n  in  doub le  p r e c i s i o n  w i th  p r e d i c t o r - c o r r e c t o r  and v a r i a b l e  s t e p  
l e n g t h  to  s a t i s f y  th e  u s e r - s p e c i f i e d  e r r o r  c r i t e r i o n .  The language  o f
O .S .M .P , a l lo w s  th e  u s e r  to  d e r iv e ,C ,S ,M ,P .  s t a t e m e n t s  w hich r e p r e s e n t  
th e  d i f f e r e n t i a l  e q u a t io n s  o f  th e  sys tem  o f  i n t e r e s t .  These s t a t e m e n t s  
a r e  v e r y  s im p le  to  c o n s t r u c t  a s  w i l l  be i l l u s t r a t e d  l a t e r ,  C .S .M .P , 
a l s o  p r o v id e s  a  t r a n s l a t i o n  phase  which a v o id s  th e  u s e r  h a v in g  to  s p e c i f y  
th e  s t a t e m e n t s  i n  c o r r e c t  c o m p u ta t io n a l  s e q u en ce  i . e ,  to  a v o id  any 
phase  l a g  o c c u r r i n g  in  th e  e x e c u t i o n ,
A s t a n d a r d  l i b r a r y  o f  i n t e r v a l  f u n c t i o n  g e n e r a t o r s  i s  p ro v id e d  
f o r  s p e c i f i c  p u r p o s e s ,  e , g ,  d e la y  t im e ,  random number g e n e r a t o r s ,  dead 
sp a ce  l i m i t e r  e t c .
One p a r t i c u l a r  f a c i l i t y  i s  w orthy  o f  n o t e .  I t  i s  p o s s i b l e  w i th  
, C .S.MeP, t o  s p e c i f y  e x t e r n a l  f u n c t i o n s :  t h e s e  t a k e  th e  form o f  s e t s  o f  
c o - o r d i n a t e s  w hich a r e  r e p r e s e n t a t i v e  o f  th e  f u n c t i o n s .  T h is  f a c i l i t y  
p r o v id e s  th e  l i n k  betw een t r a d i t i o n a l  i n t e g r a t i o n  m ethods and t h e i r  
a p p l i c a t i o n  to  random a n a l y s i s .  I f  an e x t e r n a l  f u n c t i o n  i s  s p e c i f i e d  
a s  a  l a r g e  number o f  a m p l i tu d e  -  t im e  c o - o r d i n a t e  p a i r s ,  t h a t  f u n c t i o n
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can be r e p r e s e n t a t i v e  o f  a  random s i g n a l .  C o n s id e r  th e  f u n c t i o n  so 
s p e c i f i e d  to  be th e  i n p u t  to  a  dynamic sy s tem  t r a n s l a t e d  i n t o  C .S .M .P , 
la n g u a g e .  The s i m u l a t i o n  i s  e x e c u te d  a s  f o l l o w s .  I t  i s  c l e a r  t h a t  
th e  s t a t e m e n t s  wil]. i n v o lv e  th e  i n p u t  f u n c t i o n .  As th e  i n t e g r a t i o n  i s  
p e rfo rm e d  and th e  tim e  p a ra m e te r  p r o g r e s s e s ,  t h e  f u n c t i o n  i s  a c c e s s e d  
a t  each  s t e p  t o  o b t a i n  t h e  v a lu e  o f  th e  i n p u t  to  sy s tem  a t  t h a t  
p a r t i c u l a r  t im e .  I f  i t  s h o u ld  happen  t h a t  th e  p rogram  s t e p  s i z e  i s  
s m a l l e r  th a n  th e  u s e r - s p e c i f i e d  t im e  i n t e r v a l s  i n  t h e  f u n c t i o n  d a t a ,  
th e n  th e  p rogram  e s t i m a t e s  t h e  r e q u i r e d  v a lu e  by l i n e a r  i n t e r p o l a t i o n .  
T h is  r a i s e s  an im p o r ta n t  p o i n t .  I f  th e  s t e p  l e n g t h  sh o u ld  be s e t  to  a  
v a lu e  s m a l l e r  th an  th e  d a t a  s p a c i n g  A t ,  o r  i f  th e  i n t e g r a t i o n  method 
s h o u ld  be v a r i a b l e  . i te p , th e n  v a lu e s  o f  th e  e x c i t a t i o n  be tw een  th e  
s p e c i f i e d  v a l u e s  w i l l  be talc en to  l i e  on th e  l i n e  j o i n i n g  th e  s u r r o u n d in g  
s p e c i f i e d  p o i n t s .  There  i s  no j u s t i f i c a t i o n  f o r  t h i s .  I d e a l l y ,  th e  
i n t e g r a t i o n s  s h o u ld  be p e rfo rm e d  o n ly  a t  t im e s  where th e  e x c i t a t i o n  i s  
known i , e ,  a t  m u l t i p l e s  o f  t h e  d a t a  s p a c in g .  I f  t h i s  i s  a d h e re d  t o ,  
th e n  o n ly  f i x e d  s t e p  r o u t i n e s  can be u s e d .  U n f o r t u n a t e l y ,  v a r i a b l e  
s t e p  r o u t i n e s  a r e  d e s i r a b l e  f o r  r e a s o n s  o t h e r  t h a n  u h e ir  v a r i a b l e  s t e p  
f a c i l i t y  b e i n g  g e n e r a l l y  o f  a  h i g h e r  o r d e r  th a n  th e  f i x e d  s t e p  m ethods 
a v a i l a b l e  i n  th e  p a c k a g e s .  D uring  the  p r e l i m i n a r y  t r i a l s  two f a c t s  
e m e rg e d : -
l )  when u s i n g  th e  f i x e d  s t e p  method ( 4 t h  o r d e r )  s e t t i n g  th e  s t e p  
s i z e  much l e s s  t h a n  th e  d a t a  s p a c in g  p ro d u ced  v e r y  l i t t l e  d i f f e r e n c e  
i n  th e  s i m u l a t i o n  a c c u r a c y ,  when compared w i t h  s e t t i n g  t h e  s t e p  l e n g t h  
e q u a l  t o  th e  d a t a  s p a c in g  ( a l t h o u g h  w a s t e f u l  o f  com pu ting  t i m e ) .  T h is  
i m p l i e s  t h a t  t h e  sy s te m  re s p o n s e  to  th e  waveform o b t a i n e d  by j o i n i n g  
t h e  d i g i t i s a t i o n s  by s t r a i g h t  l i n e s  i s  l i t t l e  d i f f e r e n t  from  th e  r e s p o n s e  
o b t a i n e d  w i th o u t  s p e c i f y i n g  th e  shape o f  th e  waveform be tw een  th e  
d i g i t i s e d  v a l u e s .  P re su m a b ly ,  th e  c h o ic e  o f  th e  sa m p l in g  i n t e r v a l  f o r  
th e  e x c i t a t i o n  -  a v o id in g  a l i a s i n g  p rob lem s e t c .  -  i s  s u f f i c i e n t  to
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a d e q u a t e ly  d e f i n e  t h e  e x c i t a t i o n  w i t h in  th e  f r e q u e n c y  ran g e  a s s o c i a t e d  
w i th  th e  s a m p l in g  i n t e r v a l .  P a r t i c u l a r  m ethods o f  j o i n i n g  th e  
d i g i t i s a t i o n s  v d l l  however p roduce  d i f f e r e n t  r e s p o n s e  o u t w i th  t h i s  
f r e q u e n c y  r a n g e .  Note  t h a t  t h i s  argum ent a p p l i e s  to  l i n e a r  sy s te m s  -  
i t  need  n o t  a p p ly  t o  n o n - l i n e a r  system s*
2 ) th e  5 t h  o r d e r  v a r i a b l e  s t e p  method gave r e s p o n s e s  s i m i l a r  (more 
a c c u r a t e )  t o  th e  above and c o n s i d e r a t i o n  o f  t h e  com puting  t im e  r e q u i r e d  
to  e x e c u te  th e  same p rob lem  a s  above s u g g e s te d  t h a t  th e  s t e p  l e n g t h  
s t a b i l i s e d  a t  a  v a lu e  e q u a l  t o  th e  sa m p lin g  i n t e r v a l .  T h is  i s  
r e a s o n a b l e .  I f  t h e  s t e p  l e n g t h  i s  i n i t i a l l y  s e t  much s m a l l e r  th a n  th e  
sa m p l in g  i n t e r v a l ,  t h e  r o u t i n e  iv i l l  th e n  f i n d  th e  e x c i t a t i o n  ' v e r y  
p r e d i c t a b l e '  -  in  f a c t ,  a  s t r a i g h t  l i n e .  The r o u t i n e  wd.ll t h e r e f o r e  
l e n g t h e n  th e  s t e p  u n t i l  some e r r o r  c r i t e r i o n  i s  a b o u t  to  be v i o l a t e d .  
C l e a r l y ,  t h i s  v a lu e  w i l l  be e q u a l  to  th e  s a m p l in g  i n t e r v a l  ( o r  v e ry  
c lo s e  to  i t ) .
I t  t h e r e f o r e  a p p e a r s  t h a t  v a r i a b l e  s t e p  m ethods can  be u se d  s in c e  
th e  p rob lem  chosen  h e re  was p e rh a p s  th e  most d i f f i c u l t  t o  s im u l a t e .  I f  
th e  e x c i t a t i o n  i s  n a r ro w  b a n d ,  th e  v a r i a b l e  s t e p  m ethods w i l l  r e d u c e  
com puting  c o s t s  by a l l o w in g  th e  s t e p  s i z e  to  be g r e a t e r  th a n  th e  sam p lin g  
i n t e r v a l  i f  t h i s  i s  p e rh a p s  chosen  n e e d l e s s l y  s m a l l .
A lthough  o u tv / i th  th e  scope  o f  t h i s  r e p o r t ,  t h e  e x t e r n a l  f u n c t i o n  
f a c i l i t y  can  be u s e d  i n  n o n - s t a t i o n a r y  random a n a l y s i s #  I f ,  f o r  
e x a m p le , th e  r e s p o n s e  o f  a  v e h i c l e  a c c e l e r a t i n g  o v e r  a  ro ad  s u r f a c e  i s  
r e q u i r e d ,  i t  would be a  s im p le  t a s k  t o  a d j u s t  t h e  tim e  c o - o r d i n a t e s  i n  
t h e  f u n c t i o n  r e p r e s e n t a t i v e  o f  t h e  i n p u t  a t  c o n s t a n t  s p e e d ,  to  conform  
to  t h a t  o f  th e  i n p u t  t o  th e  a c c e l e r a t i n g  v e h i c l e .  The r e s p o n s e  
p r e d i c t e d  i n  t h i s  m anner would be no l e s s  a c c u r a t e  th a n  t h a t  f o r  th e  
c o n s t a n t  v e l o c i t y  case*
The C .S .M .P . package  o f f e r s  f i x e d  f o rm a t  p r i n t i n g  and p r i n t -  
p l o t t i n g  o f  t h e  s o l u t i o n s .  A sample o u tp u t  i s  8ho\m in  F ig u re  25^ The
t im e  ( o r  e q u i v a l e n t )  i n c r e m e n ts  f o r  p l o t t i n g  a r e ,  a g a i n ,  u s e r - s p e c i f i e d , 
a l t h o u g h  i t  i s  u s u a l  t o  s e t  them e q u a l  t o  t h o s e  s p e c i f i e d  i n  th e  
e x t e r n a l  f u n c t i o n  d a ta *  The p r i n t - p l o t  f a c i l i t y  i s  e s p e c i a l l y  u s e f u l  
f o r  v i s u a l  i n t e r p r e t a t i o n  o f  th e  o u tp u t  and can he u s e f u l l y  employed 
to  e s t i m a t e  t r a n s i e n t  -  decay  t im e  w hich v à l l  he  m en tio n ed  l a t e r .
A s im p le  p rob lem  was d e v i s e d  t o  t e s t  t h e  package  when a p p l i e d  t o  
random s i m u l a t i o n .
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The n e x t  t a s k  w^ as to  d e v i s e  a  r e a l i s t i c  p rob lem  o f  random 
r e s p o n s e  p r e d i c t i o n  w i th  w hich to  e v a lu a t e  t h e  C .S .M .P , package  i n  
p a r t i c u l a r  and n u m e r ic a l  i n t e g r a t i o n  m ethods i n  g e n e r a l .  C o n s id e r  th e  
n e c e s s a r y  a t t r i b u t e s  o f  any such  t e s t  p rob lem : t h e  m a jo r  ones  must be : -
a)  i t  m ust be a  t y p i c a l  p ro b le m . T h is  s a t i s f i e s  th e  c r i t e r i o n  o f  
g e n e r a l  a p p l i c a t i o n ,
b )  t h e  e x a c t  s o l u t i o n  to  th e  problem  must be a v a i l a b l e  i n  o r d e r
t h a t  t h e  a c c u r a c y  o f  t h e  te c h n iq u e  u n d e r  t e s t  m igh t be a s s e s s e d .
c )  t h e  p rob lem  s h o u ld  be d e s ig n e d  to  a c c e n t u a t e  any s u s p e c te d
w ea k n e sse s  i n  t h e  p ro p o se d  t e c h n iq u e .
I f  a ) ,  b ) , and c) a r e  s t r i c t l y  ad h e re d  to  t h e  a c c u r a c y  o f  t h e  t e c h n iq u e  
as  i n d i c a t e d  by th e  t e s t  p rob lem  w i l l  be a  lo w e r  bound . In  v iew  o f  the  
f a c t  t h a t  t e s t i n g  such  a  t e c h n iq u e  a s  n u m e r ic a l  i n t e g r a t i o n ,  w i th  a l l  
i t s  a t t e n d a n t  v a r i a b l e s ,  i s  l i k e l y  to  i n v o lv e  c o n s i d e r a b l e  com puter  
t im e ,  i t  was d e s i r a b l e  to  k e e p  th e  t e s t  p ro b lem  as  s im p le  a s  p o s s i b l e  
w i th o u t  v i o l a t i n g  th e  c o n d i t i o n s  above .
As a r e s u l t ,  t h e  t e s t  p rob lem  was chosen  to  be  t h a t  o f  p r e d i c t i n g  
th e  r e s p o n s e  o f  a  s i n g l e  d e g re e  o f  freedom  l i n e a r  sy s tem  to  G a u ss ia n  
w h i te  n o i s e  e x c i t a t i o n .  The r e a s o n s  f o r  a d o p t i n g  t h i s  p a r t i c u l a r  
p rob lem  w e r e : -
i )  i t  i s  a  t y p i c a l  p rob lem  and i t  i s  a  s im p le  one -  t h i s  s a t i s f i e s
c o n d i t i o n  a ) .
i i )  i t  i s  known ^ l ]  t h a t  th e  r e s p o n s e  o f  any l i n e a r  sy s te m  to
G a u s s ia n  e x c i t a t i o n  i s  i t s e l f  G a u s s ia n .  The r e s p o n s e  i s  t h e r e f o r e  
c o m p le te ly  c h a r a c t e r i s e d  by i t s  s p e c t ru m .  The d^ynamic r e c e p ta n c e  
a ( i f )  o f  t h e  sy s tem  i s  e a s i l y  d e f in e d  and  w i th  u s e  o f  th e  e q u a t i o n ,
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s  ( f )  “  1 a ( i f )  1^ S ( f )  where R and E d e n o te  r e s p o n s e  
^  ^  and exc i  t a t i o n  r e s p e c t i v e l y
t o g e t h e r  m t h  t h e  e x c i t a t i o n  s p e c t ru m ,  th e  t h e o r e t i c a l  r e s p o n s e  
s p e c t ru m  c an  he e v a l u a t e d ,  s a t i s f y i n g  c o n d i t i o n  h ) «
i i i )  i t  i s  s t a t e d  i n  t h e  C .S .M .P . u s e r ' s  m anual t h a t  i n t e g r a t i o n  
t e c h n i q u e s  ' c a n n o t  he e x p e c te d  to  h a n d le  w i l d l y  o s c i l l a t i n g  
f u n c t i o n s  w i th  ex trem e  p r e c i s i o n ’ . I t  i s  c l e a r  t h a t  such  f u n c t i o n s  
m igh t  i n t r o d u c e  s e r i o u s  e r r o r s  i n  r e s p o n s e  e s t i m a t i o n .
C o n s e q u e n t ly ,  th e  most s e r i o u s  e r r o r s  a r e  l i k e l y  to  be caused  by 
f u n c t i o n s  w hich  e x h i b i t  no dom inant p e r i o d i c ! b y :  t h e  e x c i t a t i o n
f o r c i n g  f u n c t i o n  was t h e r e f o r e  chosen  w i th  a  w h i te  s p e c t ru m .
F ig u re  24 g i v e s  a  r e p r e s e n t a t i o n  o f  the  t e r t  sy s tem  -  a  s im p le  
m a s s / s p r in g /d a m p e r  a r ra n g e m e n t  s u b j e c t  to  f o r c e d  e x c i t a t i o n .  The 
d i f f e r e n t i a l  e q u a t i o n  d e f i n i n g  th e  b e h a v io u r  o f  t h e  sy s te m  i s : -
mx 4- cx + kx = F ( t )  w i th  t h e  u s u a l  n o t a t i o n .
The f o r c e d  e x c i t a t i o n  P ( t )  was r e p r e s e n t e d  by a  d i g i t a l  r e c o r d
c o n s i s t i n g  o f  5^00 sam p les  whose d i s t r i b u t i o n  was G a u s s ia n  and whose
f r e q u e n c y  sp e c t ru m  was w h i te  w i t h i n  th e  0-25Hz r a n g e .  The sam ple  s i z e  
o f  5 0 0 0  was s e l e c t e d  s in c e  t h i s  number i s  th e  l o w e s t  which can be
c o n s id e r e d  s t a t i s t i c a l l y  r e p r e s e n t a t i v e  o f  a  random s i g n a l  f o r  t h e
p r e s e n t  p u r p o s e .  However, f o r  most a p p l i c a t i o n s ,  t h i s  sam ple s i z e  
sh o u ld  be c o n s i d e r a b l y  h i g h e r .  T h is  i s  i n  a c c o rd a n c e  w i th  c o n d i t i o n
i i i )  ab o v e .  An a m p l i t u d e - t im e  p l o t  ( w i th  th e  assumed s a m p lin g  i n t e r v a l )  
o f  t h e  f o r c i n g  f u n c t i o n  i s  g iv en  i n  F ig u re  2 ,
The sy s te m  p a r a m e te r s  ra and k  were s e t  to  g iv e  th e  sy s tem  a 
r e s o n a n t  f r e q u e n c y  o f  j u s t  o v e r  IHz v;hich, t o g e t h e r  w i th  th e  assumed 
s a m p l in g  f re q u e n c y  o f  t h e  e x c i t a t i o n  (50Hz) gave 1 second  o f  o u tp u t  p e r  
page  on th e  p r i n t - p l o t s .  T h is  f a c i l i t e d  r e c o g n i t i o n  o f  th e  r e s o n a n t
f r e q u e n c y  i n  th e  r e s p o n s e ,  a t  one c y c le  p e r  page o f  p r i n t - p l o t  o u t p u t .  
The sy s tem  t r a n s f e r  f m i c t i o n  a ( i f )  i s  g iv e n  h y : -
1
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where ^ i s  t h e  damping r a t i o ,  f ^  th e  r e s o n a n t  f r e q u e n c y .
The m odulus o f  t h i s  f u n c t i o n  i s  som etim es known a s  t h e  m a g n i f ie s  Lion 
f a c t o r  o f  t h e  s y s te m .  The d i f f e r e n t i a l  e q u a t i o n  o f  th e  sy s tem  was 
t r a n s l a t e d  i n t o  C .S . l f .P ,  s t a t e m e n t s .  The b a s i s  o f  t h e s e  s t a t e m e n t s  i s  
t h e  i n t e g r a l  f u n c t i o n ,  INÏGRL. The a p p r o p r i a t e  e q u a t i o n s  a r e : -
X = INTGRJj(0,XD0T) w here th e  f i r s t  a rgum en t i s  th e  i n i t i a l  v a lu e
XDOT = INTGRL(0,X2D0T)
5 , 4 . 2
P = APGEN( FORGE, TRIE)
X2D0T = /F-c*XDOT-k*X)/m
where X = x ,  XDOT = , X2D0Ï «------  , and  P i s  th e  e x t e r n a l  .fu n c t io n
dt^d t  - ,,.2
( a r b r i t a r y  f u n c t i o n  g e n e r a t o r  -  AFGEN) named FORCE w i th  in d e p e n d e n t  
v a r i a b l e  TIMS. FORCE i s  s p e c i f i e d  a s  t h e  s e t  o f  i n p u t  t im e -a rn p l i tu d e  
c o - o r d i n a t e s  i n  t h e  f o l l o w i n g  m a n n e r : -
FORCE = 0 . 0 , 0 . 0 , 0 . 0 2 , 0 . 5 9 4 , 0 . 0 4 , 0 . 5 7 2 , .......... 6 0 . 0 , 0 . 9 2 1
The s i m p l i c i t y  o f  th e  above s t a t e m e n t s  i s  commendable. C om plica ted  
dynamic sy s te m s  c a n  t h e r e f o r e  be r e p r e s e n t e d  on C .S .H .F* w i th  l i t t l e  
e f f o r t .
The c h o ic e  o f  t h e  damping f a c t o r ,  c ,  r e q u i r e d  more c o n s i d e r a t i o n .  
Assume th e  damping i s  s e t  v e ry  h i g h ,  say  s e v e r a l  t im e s  t h e  c r i t i c a l  
v a l u e .  The r e s p o n s e  x ( t )  w i l l  th e n  be v e ry  s i m i l a r  i n  f r e q u e n c y  c o n te n t  
t o  t h a t  o f  t h e  e x c i t a t i o n  s in c e  th e  sy s tem  i s  e f f e c t i v e l y  ' s o l i d ' .  As
th e  damping i s  g r a d u a l l y  r e d u c e d  to  s a y ,  c r i t i c a l ,  t h e  shape  o f  t h e  
r e s p o n s e  s p e c tru m  w i l l  become p r o g r e s s i v e l y  more n a r ro w -b a n d .  I t  was
/
36 -
i m p o r ta n t  t h e r e f o r e  to  c hoose  a  range  o f  v a l u e s  c f  damping and to  a s s e s s  
th e  a c c u r a c y  o f  th e  s i m u l a t i o n  in  each c a s e .  The v a lu e s  o f  th e  damping 
r a t i o  ch o sen  w e r e r -
C = 0 . 5 , 0 , 2 5 , 0 . 1 , 0 . 0 5 , 0 , 0 2 , 0 . 0 0 5
T h is  r a n g e  s h o u ld  be s u f f i c i e n t  t o  c o v e r  th e  m a j o r i t y  o f  r e s p o n s e  
p r e d i c t i o n  p ro b le m s .
Once th e  program  was s e t  u p ,  a  p r e l i m i n a r y  check  on i t s  o p e r a t i o n  
was made. S in c e  i t  i s  known t h a t  n u m e r ic a l  i n t e g r a t i o n  works w e l l  w i th  
‘p r e d i c t a b l e ’ i n p u t s ,  a  s i n e  wave i n p u t  o f  IHz f r e q u e n c y  was s e l e c t e d  a s  
th e  f o r c e  i n p u t .  The v a lu e  o f  ( was s e t  to  0 .2 5  f o r  t h i s  t e s t .  Use was 
made o f  th e  v a r i a b l e  s t e p  R u n g e -K u tta  method o f f e r e d  i n  th e  p a c k a g e .
Any l i n e a r  sy s tem  e x c i t e d  by a  p u re  s i n e  wave w i l l  p roduce  a r e s p o n s e  
w hich  i s  a  s i n e  wave o f  th e  sane  f r e q u e n c y  b u t  w i th  d i f f e r e n t  a m p l i tu d e  
and  p h a se  (vpLth r e s p e c t  to  a  t im e  r e f e r e n c e ) .
The r e s p o n s e  p ro d u ce d  by C .S .M .P . f o r  t h i s  p r e l i m i n a r y  t e s t  was 
found  t o  be  v e ry  a c c u r a t e ,  b e in g  a  p u re  s in e  wave w i th  a m p l i tu d e  and 
p h a se  a lm o s t  e x a c t l y  a s  p r e d i c t e d  by e q u a t i o n  3 *4 *1 ,
C .S .M .P . was nov; t e s t e d  w i th  th e  random i n p u t  p ro b le m .
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3•5 EXPERIMENTAL PROCEDURES AND RESULTS
1. EXPERIMENTAL PROCEDURES
S in c e  t h e  random p rob lem  i s  l i k e l y  to  be t h e  m ost d i f f i c u l t  to  
s o lv e  v rith  n u m e r ic a l  i n t e g r a t i o n  m eth o d s ,  i t  was a p p r o p r i a t e  to  s e l e c t  
t h e  m ost s o p h i s t i c a t e d  r o u t i n e  o f f e r e d  i n  th e  C .S .M .P , p a c k a g e .  T h is  
i s  t h e  M ilne  m ethod . I t  i s  a  f i f t h - o r d e r  method w i th  v a r i a b l e  s t e p  
l e n g t h  i n c o r p o r a t i n g  p r e d i c t o r - c o r r e c t o r .  The v e r s i o n  u s e d ,  a s  
im p lem en ted  on th e  IBM 3 ? o / l 5 8 ,  h a s  been r e w r i t t e n  i n  d o u b l e - p r e c i s i o n .
U s in g  t h i s  m ethod th e  random t e s t  p rob lem  was e x e c u te d  w i th  th e  
v a r i o u s  v a lu e s  o f  dstuping r a t i o  and th e  r e s p o n s e  a m p l i tu d e  p r i n t -  
p l o t s  o b t a i n e d .  On s c r u t i n i s i n g  th e  p l o t s  i t  was a p p a r e n t  t h a t  a  
c e r t a i n  d e g re e  o f  n o n - s t a t i o n a r i t y  e x i s t e d  i n  th e  r e s p o n s e s .  I n  each  
c a s e  th e  peak a m p l i tu d e s  a t  th e  b e g in n in g  o f  t h e  p l o t s  were g r e a t e r  
th a n  t h o s e  f o r  th e  r e m a in d e r .  I t  was a l s o  a p p a r e n t  t h a t  th e  t im e  ta k e n  
f o r  t h e  peak  a m p l i tu d e s  to  s e t t l e  down was g r e a t e r  f o r  th e  low er  v a lu e s  
o f  th e  damping r a t i o .  I n  th e  c a se  where th e  damping r a t i o  was 0 .005?  
th e  peak a m p l i tu d e s  rem ained  more o r  l e s s  c o n s t a n t  th ro u g h o u t  th e  
i n t e g r a t i o n  i n t e r v a l .  I t  was c l e a r  t h a t  th e  c a u se  was t r a n s i e n t  
r e s p o n s e ,  th e  decay  t im e  i n c r e a s i n g  w i th  r e d u c e d  dam ping. F o r  t h e  c a se  
w here th e  damping was 0 . 0 0 5  c r i t i c a l  i t  was presum ed t h a t  t h e  t r a n s i e n t s  
were s t i l l  dom inan t a t  t h e  end o f  th e  s i m u l a t i o n ,  i . e .  a f t e r  60  s e c s  
(60 c y c l e s  a t  IH z ) ,
I t  i s  a  s im p le  m a t t e r  to  d e te rm in e  th e  number o f  c y c l e s  ta k e n  f o r  
t h e s e  t r a n s i e n t s  to  r e d u c e  to  some p e r c e n ta g e  o f  t h e i r  i n i t i a l  v a l u e .  
Where th e  damping r a t i o  i s  0 .0 0 5 ,  th e  number o f  c y c l e s  f o r  t h e  t r a n s i e n t  
to  r e d u c e  to  s a y ,  IO70, o f  t h e i r  i n i t i a l  v a l u e ,  i s  g iv en  b y : -  
Xo where n  = number o f  c y c l e s ,  X , X a r e  th e  i n i t i a ln  = i n  o n
^  and n t h  a m p l i tu d e  v a l u e s .
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n % 0 . 0 0 5  = I n ( lO )  = 2 . 5
n = 460  c y c l e s ,  w hich  i s  e q u i v a l e n t  to  460  s e c s  i n  t h i s  c a s e .  
However, s i n c e  t h e  i n t e g r a t i o n  m ethod h a s  a  v a r i a b l e  s t e p  l e n g t h ,  i t  
i s  n o t  p o s s i b l e  to  o b t a i n ,  w i th  any a c c u r a c y ,  th e  i n i t i a l  v a lu e  o f  t h e  
t r a n s i e n t .  I t  i s  t h e r e f o r e  d i f f i c u l t  to  a s s e s s  a t  what f r a c t i o n  o f  
t h e i r  i n i t i a l  v a lu e  can th e  t r a n s i -^nts be n e g l e c t e d .  A n o th e r  method 
o f  t r a n s i e n t  e s t i m a t i o n  v/as d e v i s e d .
A s e p a r a t e  run  i s  r e q u i r e d  w i th  a  new f o r c i n g  f u n c t i o n  a s  f o l l o w s .  
I n s t e a d  o f  5OOO a m p l i tu d e - t im e  c o - o r d i n a t e s ,  o n ly  t h e  f i r s t  i n p u t  f o r c e  
a m p l i tu d e  i s  u s e d .  The r e m a in d e r  a r e  s e t  to  z e r o .  T h is  i s  s im p ly  
a c h ie v e d  by th e  f o l l o w i n g  s t a t e m e n t
FORCE 0 . 0 , 0 , 0 , 0 , 0 2 , 0 . 5 9 4 , 0 . 0 4 , 0 . 0 , 6 0 . 0 , 0 , 0 .
I n  e f f e c t  t h e  f i r s t  ( t r a n s i e n t  in d u c in g )  f o r c e  a m p l i tu d e  i s  a l lo w e d  to  
a c t  on th e  sys tem  and i s  th e n  q u i c k l y  re d u c e d  to  z e ro  and rem a in s  a t  
t h i s  v a lu e  th ro u g h o u t  t h e  i n t e g r a t i o n  i n t e r v a l .  The p r i n t - p l o t . i s  now 
r e p r e s e n t a t i v e  o f  t h e  t r a n s i e n t  decay  ( F ig  2 5 ) ,  Now, by com paring  th e  
r e l a t i v e  m ag n i tu d e s  o f  th e  r e s p o n s e  i n  t h e  two c a s e s  th e  p o i n t  a t  
w hich  th e  t r a n s i e n t  can be n e g l e c t e d  i s  d e te r m in e d .  The r e s p o n s e  on 
t h e  o r i g i n a l  p l o t  can now be  talcen to  be s t e a d y - s t a t e .  F o r  th e  p r e s e n t  
t e s t s  th e  t r a n s i e n t s  were n e g l e c t e d  when th e  r e l a t i v e  m agn itude  was 
a b o u t  2/*. A d i s a d v a n ta g e  o f  t h i s  method i s  t h a t  th e  r e s p o n s e  sample 
s i z e  i s  e f f e c t i v e l y  r e d u c e d .  I t  v/as found  t h a t  f o r  /  = 0*5 , 2750 v a lu e s  
o f  t h e  r e s p o n s e  were r e l i a b l e ,  w hereas  t h e  number was j u s t  l e s s  th a n  
2000 f o r  ^ = 0 . 0 2 .  T h is  d i s a d v a n ta g e  can  be o i - r c o m e  a s  w i l l  be  
d e s c r i b e d  i n  t h e  s e c t i o n  on FURTHER DEVEhOPMEHTS.
The r e l i a b l e  r e s p o n s e  v a lu e s  so o b t a i n e d  were a n a ly s e d  w i th  a 
s e p a r a t e  s t a t i s t i c a l  and s p e c t r a l  a n a l y s i s  p a c k a g e .  The a c c u ra c y  o f  
t h e  s im u l a t io n  was a s s e s s e d  by c o n s i d e r i n g  two f a c t o r s : -
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a)  PROBABILITY PISTRIHJTION
As s t a t e d  p r e v i o u s l y ,  t h e  r e s p o n s e  d i s t r i b u t i o n  s h o u ld  be 
G a u s s ia n ,  i . e .  s i m i l a r  t o  th e  e x c i t a t i o n .  I t  i s  n o t  p o s s i b l e ,  how ever ,  
to  e x a c t l y  r e p r e s e n t  a G a u ss ia n  d i s t r i b u t i o n  w i th  a  f i n i t e  sa m p le .  The 
5 0 0 0  v a lu e d  i n p u t  sam ple i s  t h e r e f o r e  o n ly  an a p p ro x im a t io n  to  th e  
G a u ss ia n  d i s t r i b u t i o n ,  a l t h o u g h  a  good one f o r  t h e  s i z e  o f  t h e  sam p le .  
T h is  f a c t  male es  t h e  t e s t  more r e a l i s t i c ;  n o t  o n ly  i s  tn e  i n t e g r a t i o n  
t e c h n iq u e  u n d e r  t e s t ,  t h e  adequacy  o f  r e p r e s e n t i n g  a  c o n t in u o u s  
d i s t r i b u t i o n  w i th  a  f i n i t e  sam ple i s  a l s o  u n d e r  e v a l u a t i o n .
S i n c e ,  a t  t h e  o u t s e t ,  t h e s e  t e s t s  were d e s ig n e d  to  i l l u s t r a t e  
any w eak n esses  i n  t h e  s im u l a t io n  t e c h n iq u e  a th o ro u g h  a s s e s s m e n t  o f  
p r o b a b i l i t y  d i s t r i b u t i o n  was e s s e n t i a l .  In  p l o t t i n g  p r o b a b i l i t y  
h i s t o g r a m s ,  t h e  c h o ic e  o f  t h e  number o f  c l a s s  i n t e r v a l s  i s  o f  g r e a t  
■ im p o r ta n c e .  I f  t h e  i n t e r v a l s  a r e  c h o sen  to o  w id e ,  d e r i v a t i o n s  from 
th e  t im e  d i s t r i b u t i o n  omi be masked; i t  o f t e n  h ap p en s  t h a t  t h e  v a lu e s  
o c c u r r in g '  w i t h i n  a  wide c l a s s  i n t e r v a l  can be b a d ly  skewed and y e t  t h e  
c e n t r e  o f  t h e  i n t e r v a l  c o i n c i d e s  w i th  th e  t r u e  G a u ss ia n  c u rv e .  
C o n s e q u e n t ly 5 t h e  number o f  c l a s s  i n t e r v a l s  f o r  a  sam ple s i z e  N was 
s e l e c t e d  by t h e  f o rm u la ,
NCI = 1 .8 7 N '4
which  i s  th e  number r e q u i r e d  by th e  C h i - s q u a r e  t e s t  f o r  a  c o n f id e n c e  
l e v e l  [ 9 ^ .  T h is  gave 45  i n t e r v a l s  f o r  a  5^00 v a lu e d  sam p le .  The 
h i s to g r a m s  were p r e f e r r e d  to  th e  C h i - s q u a r e  t e s t  o f  H y p o th e s is  
A c c e p ta n c e ,  T h is  t e s t  e i t h e r  p a s s e s  o r  f a i l s  t h e  sam ple :  i t  does n o t  
g iv e  any i n d i c a t i o n  o f  w hich a m p l i tu d e s  a re  w e l l  r e p r e s e n t e d  o r  th o s e  
t h a t  a r e  n o t .  I f ,  f o r  e x a n p le ,  some d a t a  f a i l s  t h e  t e s t  f o r  N o r m a l i ty ,  
no i n d i c a t i o n  i s  g iv e n  o f  w hich a m p l i tu d e s  c a u se d  th e  f a i l u r e .  T h is  
i s  o f  g e n e r a l  i n t e r e s t  s i n c e  i n  some d i s c i p l i n e s ,  h ig h  a m p l i tu d e  
d e r i v a t i o n s  a r e  u n a c c e p t a b l e ,  e . g .  c e r t a i n  p ro b lem s  i n  f a t i g u e ,  w hereas
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i n  o t h e r s  such  d e v i a t i o n s  a re  o f  l e s s  im p o r ta n c e ?
I t  m ust t h e r e f o r e  he s t r e s s e d  t h a t  t h i s  d i s t r i b u t i o n  t e s t  i s  a  
s e v e r e  o n e .  The p r o b a b i l i t y  h i s to g r a m  o f  t h e  f o r c e d  e x c i t a t i o n  i s  g iv e n  
i n  F ig u r e  25 w i th  th e  t r u e  G a u ss ia n  d i s t r i b u t i o n  su p e r im p o se d  ( f u l l  l i n e ) ,
b) SPECTRA
The r e s p o n s e  s p e c t r a  were computed f o r  co m p ar iso n  w i th  th e  
t h e o r e t i c a l  sp e c  b ra .  The d a t a  was a n a ly s e d  u s i n g  t h e  s t a n d a r d  Blackman- 
Tukey m ethod up to  25Hz -  t h i s  l i m i t  i s  im posed  by  th e  sa m p l in g  i n t e r v a l  
to  a v o id  a l i a s i n g  p rob lem s Q5 J . The random e r r o r  o f  t h e  computed
s p e c t r a  i s  grLven by ; -
e =   where B i s  th e  a n a l y s i s  b an d w id th  and T th e  r e c o r dr  ■ • e
e ■ l e n g t h  i n  s e c o n d s ,
i . e .
e K  :—  = 222 IGÿo f o r  th e  3 ^ 0 0  v a lu e d  sam ple
T h is  s h o u ld  be remembered i n  com paring  th e  m easured  and t h e o r e t i c a l  
s p e c t r a l  d e n s i t i e s .  T here  i s  an u n f o r t u n a t e  c h a r a c t e r i s t i c  p ro d u ced  by 
th e  H anning  sm oo th ing  f u n c t i o n  which i s  a s s o c i a t e d  w i th  th e  Blackman- 
Tulcey s p e c t r a l  a n a l y s i s  p r o c e d u r e .  I f  th e  sp e c t ru m  o f  t h e  s i g n a l  u n d e r  
a n a l y s i s  f a l l s  o f f  r a p i a l y  w i th  i n c r e a s i n g  f r e q u e n c y  th e  e s t i m a t e s  
p ro d u ce d  can  e v e n t u a l l y  become u n s t a b l e .  The i n s t a b i l i t y  i s  m a n i f e s t  
by n e g a t i v e - v a l u e d  e s t i m a t e s  o f  s p e c t r a l  d e n s i t y .
T h is  phencmcnom o c c u r r e d  i n  c e r t a i n  c a s e s  i n  t h e  p r e s e n t  a n a l y s i s  
b u t  f o r t u n a t e l y  d i d  n o t  do so u n t i l  th e  v a l u e s  o f  th e  s p e c t r a l  d e n s i t y  
had  f a l l e n  s e v e r a l  o r d e r s  o f  m agn itude  from  t h e  r e s o n a n t  v a l u e s .
The sp e c t ru m  o f  t h e  f o r c e d  e x c i t a t i o n  i s  shown i n  F i g u r e |  5 j  «
2 .  RESULTS
For e ach  v a lu e  o f  damping r a t i o ,  t h r e e  r e s p o n s e  p l o t s  were 
p r o d u c e d : -
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a) an a m p l i tu d e -b i in e  p l o t  (w here t im e  z e ro  i s  t h e  p o i n t  a t  w hich th e  
t r a n s i e n t s  were n e g l e c t e d ) ,  
h )  t h e  p r o b a b i l i t y  h i s to g r a m  w i th  th e  t r u e  ( c o n t in u o u s )  G a u ss ia n  l i n e  
s u p e r im p o s e d .
c )  th e  r e s p o n s e  s p e c t r a l  d e n s i t y  ( f u l l  l i n e )  w i t h  t h e  t h e o r e t i c a l ^  
s p e c t ru m  su p e r im p o se d  ( d o t t e d  l i n e ) .
The above s e t  o f  p l o t s  a r e  g iv e n  c o n s e c u t iv e l y  f o r  e a ch  v a lu e  o f  
damping i n  F ig u r e s  26  ” 40 * (N ote  th e  v a lu e  ^ = 0 ,0 0 5  i s  a b s e n t  s in c e  
t h e  r e s p o n s e  was e n t i r e l y  c o n ta m in a te d  by  th e  t r a n s i e n t )
* as  g iv e n  by th e  e q u a t i o n  8 ^ ( f )  = | a ( i f )  |^  S ^ / f )
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5 . 6  DISCUSSION Off RESULTS
I t  can  be  se en  from th e  a m p l i tu d e - t im e  p l o t s  o f  th e  r e s p o n s e s  
t h a t  t h e i r  form  i s  what would be e x p e c t e d .  Compare, f o r  
exam p le ,  t h e  f o r c e  e x c i t a t i o n  and  th e  r e s p o n s e  o f  th e  sy s tem  w i th  
damping r a t i o  0 , 0 2 .  The wide band c h a r a c t e r i s t i c  i n  th e  e x c i t a t i o n  ' 
h a s  been f i l t e r e d  o u t  by the  sys tem  to  p roduce  a  r e s p o n s e  t h a t  i s  
t y p i c a l  o f  n a r ro w -b a n d  random v i t h  i t s  c h a r a c t e r i s t i c  f l u c t u a t i n g  
a m p l i tu d e  s in e  wave. I t  i s  c l e a r  a l s o  t h a t  th e  dom inan t f r e q u e n c y  in  
a l l  th e  r e s p o n s e s  i s  IHz w hich  i s  th e  sy s te m  r e s o n a n t  f r e q u e n c y .
P e rh a p s  th e  o n ly  c r i t i c i s m  which can be  l e v e l l e d  a t  m e  r e s p o n s e s  i s  
t h a t  i n  some o f  th e  p l o t s  -  e s p e c i a l l y  where t h e  damping i s  low -  t h e r e  
a p p e a r s  to  be  a l i t t l e  n o n - s t a t i o n a r i t y  i n  t h e  i n i t i a l  s t a g e s .  T h is  i s  
a lm o s t  c e r t a i n l y  due to  r e s i d u a l  e f f e c t s  o f  t h e  t r a n s i e n t  w hich can 
e a s i l y  be removed w i th  l a r g e r  s a m p le s .  T h is  may be a c h ie v e d  by a l l o w i n g  
some t im e  to  e l a p s e  i n  th e  r e s p o n s e s ,  a f t e r  th e  t r a n s i e n t s  a p p e a r  to  
have d i e d  aw ay , b e f o r e  a ssu m in g  th e  r e s p o n s e  to  be  s t e a d y  s t a t e .  T h is  
w i l l  c o u n t e r a c t  th e  r e s i d u a l  e f f e c t s  o f  th e  t r a n s i e n t s  w hich may rem a in  
f o r  some t im e  w i t h in  t h e  i n t e g r a t i o n  r o u t i n e .
The t h e o r e t i c a l  and m easu red  s p e c t r a  show good a g re e m e n t .
Where d e v i a t i o n s  do o c c u r  from  th e  t h e o r e t i c a l  s p e c t ru m ,  a t  th e  low 
damping v a l u e s ,  i t  i s  i n  th e  m agn itude  r a t h e r  t h a n  i n  th e  shape  o f  th e  
s p e c t ru m .  The re d u c e d  sam ple s i z e s  f o r  t h e s e  c a s e s  w i l l  a c c o u n t  f o r  
th e  d i s c r e p a n c i e s .
The p r o b a b i l i t y  h i s to g r a m s  show t h a t  th e  r e s p o n s e  d i s t r i b u t i o n s  
a r e  a p p ro x im a te ly  G a u s s ia n ,  The p l o t  f o r  ^ = 0 ,0 2  can. be s e e n  to  
e x h i b i t  a  t e n d e n c y  to  a  s in e -w a v e  d i s t r i b u t i o n .  T h is  i n d i c a t e s  t h a t  
th e  t r a n s i e n t  i s  s t i l l  p r e s e n t  i n  th e  r e s p o n s e  to  some e x t e n t .
I t  i s  c l e a r  t h a t  i n c r e a s i n g  th e  sample s i z e  o f  th e  i n p u t s  to
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2 0 , 0 0 0  v a lu e s  would p roduce  e x tr e m e ly  a c c u r a t e  r e s p o n s e s ,  even f o r  th e  
p r e s e n t  p rob lem  o f  n a rro w -b a n d  f i l t e r i n g .  Where t h e  p rob lem  does n o t  
demand such  a  s h a rp  change i n  s p e c t r a l  shape  th e  s im u l a t io n  v a i l  be 
even b e t t e r .
In  c o n c lu s i o n ,  th e  t e c h n iq u e  o f  random r e s p o n s e  s i m u l a t i o n  by 
n u m e r ic a l  i n t e g r a t i o n  can  o n ly  be c o n s id e r e d  to  have  g r e a t  p o t e n t i a l .
I t  w i l l  be p o s s i b l e  w i th  t h i s  method to  p r e d i c t  l i n e a r  sy s tem  re s p o n s e  
to  n o n -G a u s s ia n  e x c i t a t i o n ,  n o n - l i n e a r  sy s tem  re s p o n s e  t o  b o th  G a u ss ia n  
and n o n -G a u s s ia n  e x c i t a t i o n  and even n o n - s t a t i o n a r y  p rob lem s c o u ld  be 
h a n d le d .
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5»7 RECOMMENDED PROCEDURES FOR RANDOM SIMULATION BY NUNtERICAL METHOD'S
The fo llow ing  procedures a re  s tro n g ly  recommended f o r  any random 
response prohlem which i s  to be solved with Numerical In te g r a t io n .
1. REPRESENTATION OF THE INPUT
S p e c tra l  a n a ly s is  procedures impose c o n s t r a in t s  upon the sampling 
in t e r v a l  and record  le n g th  o f  the in p u t [ 5 ^ . The sampling frequency 
must be a t  l e a s t  twice th a t  o f  the h ig h e s t  frequency o f i n t e r e s t  in  
the a n a ly s i s .  The record  len g th  T which def ines  the  sample s i z e  (n=T/ût, 
At = sampling in te r v a l )  must be a t  l e a s t  t h a t  determined by the  des ired  
accuracy o f  the  s p e c t r a l  e s tim ates  and by the a n a ly s is  bandwidth Bg, 
i , e ,
-
A T
For narrow-band response s im u la t io n ,  the minimum recommended sample s ize  
n , i s  derived  in  Appendix C. I t  i s  given b y ; -
2 5 f  where f  i s  the maximum frequency o f  i n t e r e s t ,  f_ ^ m m ^ 0
f t
0  and ^ i s  the resonant frequency and a s s o c ia te d  damping
whose product i s  minimum.
This sample s iz e  does no t malce allowance fo r  t r a n s i e n t s .
2. CHOICE OF INTEGRATION METHOD
I t  would be dangerous to  recommend p a r t i c u l a r  types of i n t e g r a t io n  
r o u t in e  f o r  general a p p l ic a t io n  -  the  choice i s  l a rg e ly  dependent upon 
the s p e c i f i c  type o f  problem. However, the fo llow ing  procedure may be 
h e lp fu l  in  such a c h o ic e ; -
1) S e le c t  the most s o p h is t i c a te d  ro u tin e  o f fe re d  in  the package -  
u s u a l ly  a v a r ia b le  s tep  method.
2) Perform a t r i a l  run over p a r t  o f  the in te g r a t io n  in te r v a l  us ing
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t h i s  method.
5 ) Repeat w ith  the second most s o p h is t i c a te d  method. I f  i t  happens 
to be a f ix ed  s tep  method, s e t  the s tep  s iz e  to  th e  d a t a  spacing*
4 ) Compare the  responses produced. They should be s im ila r*  I f  so , 
accep t th e  o r ig in a l  method* I f  n o t ,  and f u r t h e r  red u c tio n  in  the  
s tep  s iz e  o f  the second method gives no improvement, d isca rd  the 
o r ig i n a l  method and rep ea t  the s teps  with the second and t h i r d  
methods, and so on w ith  a l l  p a i r s  of methods u n t i l  some agreement 
i s  obtained*
I t  i s  e s s e n t i a l  th a t  a 'second op in ion ' be o b ta in e d ,  s ince  i t  i s  
dangerous to  accep t u n q u a l i f ie d  responses where the  genera l form o f  
the  response i s  unlo-.ovm,
5.  TRANSIENT REMOVAL
Adopt the  procedure o u t l in e d  in  Section  5*5 ( l ) ,
4* COST
The c o s t  o f  the s im ula tion  i s  l a rg e ly  dependent upon the complexity 
o f  the  system, the s tep  s i z e ,  the in te r v a l  o f  in t e g r a t io n  -  in  e f f e c t  
the  e x c i t a t io n  record  le n g th  -  and the method o f  i n t e g r a t io n .  For the  
one degree o f  freedom system used , with the $000 valued e x c i t a t io n  
sample, the  co s t  was approximately £$ (f6  to  commercial u s e r s ) .  I t  i s  
l i k e l y  to  be l e s s  than t h i s  in  general fo r  such a problem, s in ce  the  
s tep  s iz e  was o f  n e c e s s i ty  very low in  view o f  the  white spectrum o f  the  
e x c i t a t i o n .
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3 . 8  RESPONSE OF A SINGLE DEGREE OF FREEDOM LINEAR SYdTEM TO CLIPPED 
GAUSSIAN EXCITATION
I t  was p o ss ib le  w ith in  the time a v a i la b le  to a sse ss  the  response 
o f  the  t e s t  system tô  c l ip p ed  Gaussian e x c i t a t i o n .  The values  of 
damping chosen were t  = 0 ,25 and 0,1 to keep the e f f e c t iv e  response 
sample as la rg e  as p o s s ib le  -  about 2750 in  t h i s  case* Two degrees o f  
c l ip p in g  were chosen -  1 ,5  sigma and 1.0 sigma, where sigma, i s  the 
s tandard  d e v ia t io n ,  u n ity  in  t h i s  case . A p lo t  o f  the 1 .5  sigma 
c l ipped  sample i s  given i n  F ig u re 41 and the corresponding  s p e c t ra l  
d en s i ty  p lo t  in  Figure 4 2 *
I t  i s  i n t e r e s t i n g  to  no te  th a t  the e f f e c t  o f  t h i s  c l ip p in g  i s  to 
reduce the o v e ra l l  le v e l  o f  the  spectrum, but i t  r e t a in s  i t s  shape, i . e .
i t  remains w h ite .  While th i s  i s  the  case up to 25Hz, i t  mfiy be th a t
the  h ig h e r  freq u en c ies  are  a t t e n u a t e d  by the c l ip p in g .
T he  r e s p o n s e s  were p r e d i c t e d  f o r  th e  two damping v a lu e s  and th e
p l o t s  were p ro d u ce d  as  b e f o r e  and a re  g iv e n  F i g u r e s  43 -  5 4 ,
I t  i s  im m e d ia te ]y  a p p a r e n t  from th e  p r o b a b i l i t y  d i s t r i b u t i o n s  
t h a t  th e  r e s p o n s e s  a r e  a p p ro x im a te ly  G a u s s ia n .  The s p e c t r a l  d e n s i t y  
p l o t s  show good ag reem en t  w i th  th e  t h e o r e t i c a l  spect?rim .
These r e s u l t s  s u g g e s t  t h a t  a  l i n e a r  sy s tem  t e n d s  to  r e s t o r e  th e  
N o rm a l i ty  to  a  c l i p p e d  G a u ss ia n  e x c i t a t i o n .
47
3.9 FURTHER DETELOPIDÜNT OP THE C.S.M.P. PACKAGE
The encouraging na tu re  o f  the  t e s t  r e s u l t s  o f  C.S.HoPo has 
j u s t i f i e d  f u r th e r  developmer.i; o f  the numerical s im u la tion  techn ique . 
Since the  completion o f  the  work rep o rted  upon h e re ,  the fo llow ing  
refinem ents  have been made:-
1) i t  i s  now p o ss ib le  to handle samples o f  up to about 1 0 0 ,0 0 0  values.
2 ) the ou tpu t from C.S.M.P, (which may be more than one v a r ia b le )  i s  
read a u to m a tica l ly  w r i t t e n  onto a temporary f i l e  without s a c r i f i c in g  
the  p r i n t - p l o t ( s ) .  This f i l e  i s  accessed during  One same run by a 
compatible s t a t i s t i c a l  and sp e c t ra l  a n a ly s is  package,
$) computer p lo t s  o f  the  fo llow ing  param eters are  a v a i la b le  in  the  same 
run : -
A u to -c o rre la t io n  fu n c tio n  
S p ec tra l  d en s i ty
P r o b a b i l i ty  histogram  with Gaussian superimposed (op tion) 
Amplitude-time s ig n a l  
Peak d i s t r i b u t io n  
Level c rossings
Coherency and Phase ( i f  two o u tpu ts  produced by C.S.M.P.)
The f l e x i b i l i t y  of the e n t i r e  package w i l l  permit much b a s ic  
re sea rch  to  be done in  the  near  fu tu r e .
SECTION 4 
CONCLUSIONS
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4*  CONCLUSIONS
The conclusions  may he summarised as fo llow s
1) Complete p r o b a b i l i s t i c  inform ation  on an e rgodic  process can be
ob ta ined  from the s e t  o f  product moments o f  the  p ro c e ss .  These product 
moments can be ob ta ined  from a s in g le  r e a l i s a t i o n  o f  the  p rocess .
\-/hen arranged in  a c e r t a in  manner, the  product moments define  the 
c h a r a c t e r i s t i c  fu n c tio n  o f  the  p ro cess .  F o u r ie r  Invers ion  of t h i s  
fu n c t io n  y ie ld s  the p r o b a b i l i ty  d i s t r i b u t io n s  o f  the  p rocess ,
2 ) . For Gaussian p ro c esses ,  the h igher  product momenhs are  simply
defined* For ergod i 0 Gaussian p ro cesses ,  the h ig h e r  o rd e r  c o r r e la t io n  
fu n c t io n s  R ( t  , t  t  ) o f  any r e a l i s a t i o n  o f  the process can be
I S
expressed as simple fu n c tio n s  o f  the a u to - c o r r e la t io n  fu n c tio n  R(t) o f  
t h a t  r e a l i s a t i o n  (o r  o f  any o th e r ) .
3 ) By u s in g  h ig h e r  o rd e r  in p u t /o u tp u t  r e l a t i o n s  f o r  l i n e a r  systems,
e i t h e r  i n  the time o r frequency domain, p r o b a b i l i s t i c  in fo rm ation  on 
the  response can be ob ta ined  from a knowledge o f  the e x c i t a t io n ,  where 
the  e x c i t a t io n  i s  assumed to  be a member fu n c t io n  o f  an ergodic p ro cess .
4 ) The computation re q u ired  to o b ta in  the d i s t r i b u t i o n s ,  e sp e c ia l ly
f o r  the  h ig h e r  o rd e r s ,  i s  co n s id e ra b le ,  but need not be p ro h ib i t iv e  
w ith  the use o f  a modern d i g i t a l  computer. The technique i s  l i k e ly  to 
be o f  use in  f a t ig u e  a n a ly s is  where amplitude d i s t r i b u t io n s  are  most 
im p ortan t.
5 ) The t h i r d  o rd e r  product moment fu n c tio n s  o f  random p ro cesses ,  o r
e q u iv a le n t ly ,  the  t h i r d  o rder  c o r r e la t io n  fu n c t io n s  R(t t ) o f  random
v a r ia b le s  are  t h e o r e t i c a l l y  zero fo r  zero moan Gaussian v a r ia b le s  and 
f o r  s in g le  s in e  waves. In p r a c t i c e ,  when computed from f i n i t e  d i g i t a l
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samples, the t h i r d  o rder c o r r e la t io n s  are no t zero but f lu c tu a te  i n  a 
random manner w ith  amplitudes o f the  o rd e r  o f  the mean cube value of 
the  sample. Random v a r ia b le s  which can be considered  as a Gaussian 
v a r ia b le  superimposed upon a s ine wave fu n c tio n  have t h i r d  o rder 
c o r r e la t io n s  a lso  approximately zero . Many o th e r  random v a r ia b le s  have 
t h i r d  o rd e r  c o i r e l a t io n s  which are  very sm all.  D eviations from zero 
in  the  t h i r d  o rd e r  c o r r e la t io n s  of f i n i t e  samples do no t th e re fo re  
n e c e s s a r i ly  imply d ev ia t io n s  from the Gaussian. For random v a r ia b le s  
which are  approximately Gaussian, the th i r d  o rd e r  c o r r e la t io n  fu n c tio n  
i s  o f  l i t t l e  u se .
6 ) A more p r a c t i c a l  method of random response p re d ic t io n  i s  Numerical 
I n t e g r a t io n .  Even when u s in g  l im ited  d i g i t i s a t i o n s  of the e x c i t a t io n s ,  
the  response o f  l in e a r  systems can be p re d ic te d  with accep tab le  accuracy 
An in c re a se  in  the  e x c i t a t io n  sample s ize  w i l l  y i e ld  a corresponding 
in c re a se  in  s im ula tion  accuracy.
7 ) Numerical In te g ra t io n  Teclmiques can be ap p l ie d  to n o n - l in e a r  
systems and n o n -s ta t io n a ry  e x c i t a t io n s ,
8 ) The response o f  a s in g le  degree o f  freedom system to e x c i t a t io n s ,  
whose d i s t r i b u t io n s  a re  sharp ly  c lipped  Gaussian and whose sp e c tra  are 
white over the frequency range where the system response i s  h igh , tends 
to the Gaussian fo r  c e r ta in  va lues o f  the damping r a t i o .
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A .l  GENERATION OF THE GAÜSSIM SAMPLE
I n  o r d e r  to  compute h i g h e r  c o r r e l a t i o n  f u n c t i o n s  o f  a  G a u s s ia n  
random v a r i a b l e ,  i t  i s  f i r s t  n e c e s s a r y  to  o b t a i n  a  d i g i t a j  sample o f  a  
t im e  h i s t o r y  o f  th e  random v a r i a b l e .  I t  would have  been  p o s s i b l e  to  
o b t a i n  a  t a p e  r e c o r d i n g  o f  some p r a c t i c a l l y  o c c u r r i n g  s i g n a l  such  a s  
t h e  r e s p o n s e  a t  some p o i n t  on a m otor  v e h i c l e  w hich  c o u ld  th e n  have  
been  d i g i t i s e d .  W hile i t  i s  u s u a l  to  assume t h a t  such  r e s p o n s e s  a r e  
G a u ss ia n  t h e r e  i s  i n s u f f i c i e n t  j u s t i f i c a t i o n  f o r  t h i s  a s su m p tio n  to  
b a s e  r e s e a r c h  upon i t .  I n  t h e  a b sen c e  o f  p r a c t i c a l l y  o c c u r r i n g  G a u ss ia n  
s i g n a l s ,  i t  was c o n v e n ie n t  to  g e n e r a t e  a  s e t  o f  num bers ( a m p l i t u d e s )  
whose d i s t r i b u t i o n  e x h i b i t e d  a c l o s e  a p p ro x im a t io n  to  t h e  G a u s s ia n ,  in  
IBM random number g e n e r a t o r  was u s e d  and 1 0 ,0 0 0  num bers g e n e r a te d  w i th  
an  N (0 ,1 )  d i s t r i b u t i o n .
C o n s id e r  t h e  i m p l i c a t i o n s  o f  a t t e m p t i n g  to  r e l a t e  t h e s e  numbers 
to  a  d i g i t i s e d  s e t  o f  a m p l i tu d e s  d e r iv e d  from  some t im e  h i s t o r y  o f  a  
G a u ss ia n  p r o c e s s .  B ro a d ly  s p e a k in g ,  i f  we have  a l a r g e ,  o r  even  i n f i n i t e ,  
s e t  o f  num bers w hich  a r e  assumed to  be d i g i t i s e d  from some tim e h i s t o i y ,  
t h e  i n d i v i d u a l  v a lu e s  d e te rm in e  th e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  th e  
r e c o r d  and th e  o r d e r  i n  w hich  th e  numbers a p p e a r  d e f i n e s  t h e  ' f r e q u e n c y  
c o m p o s i t i o n '  o f  t h e  sam ple  -  t h i s  i s  th e n  r e l a t e d  to  th e  t im e  h i s t o r y .
I f ,  f o r  exam ple ,  th e  numbers i n  th e  sample i n c r e a s e  and th e n  d e c re a s e  
p e r i o d i c a l l y ,  t h e  tim e  h i s t o r y  can be c o n s id e r e d  to  be n a rro w  b a n d .  I f ,  
how ever ,  t h e  num bers e x h i b i t  no p e r i o d i c  p a t t e r n ,  th e y  w i l l  be 
r e p r e s e n t a t i v e  o f  w id e -b an d  random. T here  m ust e x i s t  o n ly  one i n f i n i t e  ' 
s e t  o f  d i s c r e t e  v a lu e s  w hich  have  a s p e c i f i c  G a u s s ia n  d i s t r i b u t i o n .
The s e t  may however may be  a r r a n g e d  i n  an i n f i n i t e  number o f  ways g i v i n g  
d i f f e r e n t  f r e q u e n c y  c o n t e n t s  when each  number i s  a s s o c i a t e d  w i th  a  t im e  
c o - o r d i n a t e .  I n  t h i s  i n s t a n c e ,  c o n s id e r  a  1 0 ,0 0 0  v a lu e d  sam ple  o f  th e  
i n f i n i t e  s e t  o f  num bers w hich would be g e n e r a t e d  from  th e  s u b r o u t i n e  i f
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a l lo w e d  to  ru n  f o r  a l l  t im e .  C o n s id e r  th e  f i r s t  $000 v a lu e s  o f  t h i s  
sa m p le .  S in c e  no t im e  c o - o r d i n a t e s  a r e  im p l ie d  w i th  th e  sa m p le ,  th e y  
m ust be a r b i t r a r y *  We can c o n s i d e r  t h e  ^000  v a lu e s  to  be a r e p r e s e n t a t i o n  
o f  t h e  f i r s t  m ic ro - s e c o n d  o f  t h e  i n f i n i t e  r e c o r d  o r  t h e  f i r s t  60 s e c o n d s .  
To a s s o c i a t e  th e  sample w i th  a p a r t i c u l a r  r e c o r d  l e n g t h  m ere ly  d e f i n e s  
t h e  shape  o f  th e  sp e c t ru m  o f  th e  i n f i n i t e  s i g n a l  w i t h in  a s p e c i f i c  
f r e q u e n c y  r a n g e . I f  t h e  r e c o r d  l e n g t h  i s  t a k e n  as  i  m ic ro - s e c o n d  th e n  
we have a v e ry  s h o r t  r e c o r d  o f  th e  s i g n a l  d e f i n i n g  v e ry  h ig h  f r e q u e n c i e s .  
T ak ing  th e  l e n g t h  to  be  60 s e c s  g iv e s  a  l a r g e r  r e c o r d  l e n g t h  d e f i n i n g  
much lo w er  f r e q u e n c i e s .
The sam ple ( 5OOO v a l u e s )  was assumed to  be a  60 second  r e c o r d  w i th  
sa m p l in g  i n t e r v a l  I / 5 0  s e c .  The spec trum  was c a l c u l a t e d  w i th  t h e s e  
a s su m p t io n s  and was found  to  be w h i te  w i t h in  th e  f re q u e n c y  r a n g e  0 -  25Hz 
a s  d e f in e d  by th e  s a m p lin g  i n t e r v a l .  I t  s h o u ld  be  n o te d  t h a t  th e  
random e r r o r  i n  t h e  s p e c t r a l  e s t i m a t e s  i s  a b o u t  20)1 and i s  g iv e n  by : -
1
G = —------- where B i s  t h e  b an d w id th  o f  a n a l y s i s  and T th e
 ^ .  /b T\  E r e c o r d  l e n g t h .
I t  i s  a p p a r e n t  t h a t  f o r  any s a m p lin g  i n t e r v a l  t h e  shape  o f  th e  sp ec tru m  
w i t h in  th e  a s s o c i a t e d  f re q u e n c y  ran g e  w i l l  a l s o  be  w h i t e .  The s u b r o u t i n e  
can t h e r e f o r e  g e n e r a t e  s e t s  o f  numbers w h ic h ,  by c o r r e c t  c h o ic e  o f  
a s s o c i a t e d  t im e  c o - o r d i n a t e s ,  can  r e p r e s e n t  a  s i g n a l  w hich  i s  w h i te  
w i t h i n  th e  s p e c i f i e d  range*
The h i g h e r  c o r r e l a t i o n  f u n c t i o n s  f o r  t h e  sam ple were computed as 
o u t l i n e d  be low . One p o i n t  must be s t r e s s e d ; i i  w i l l  be se e n  from  th e  
g ra p h s  r e p r e s e n t i n g  t h e s e  h i g h e r  c o r r e l a t i o n s  t h a t  t h e  x - a x i s  i s  
l a b e l l e d  ' d a t a  s p a c in g  u n i t s ' .  The r e a s o n  f o r  t h i s  i s  s i n c e  th e  t im e  
c o - o r d i n a t e s  a r e  a r b i t r a r y  so to o  a r e  th e  l a g  v a l u e s .  The v a lu e s  o f  
t h e  c o r r e l a t i o n  f u n c t i o n s  a r e  computed o n ly  a t  m u l t i p l e s  o f  th e  d a ta  
s p a c in g  ( f o r  o b v io u s  r e a s o n s ) .  However, f o r  v i s u a l  i n t r e p r e t a t i o n ,
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these  va lues  are jo in ed  by s t r a ig h t  l ines*  This does no t imply th a t  
the continuous c o r r e la t io n  fu n c tio n  has t h i s  form. In  f a c t ,  i t  i s  
apparent th a t  the  continuous graph could not p o ss ib ly  have such a 
form since  th e re  i s  no reason why these  values  should no t occur w ith in ,  
say the  f i r s t  lag  le n g th  by s u i ta b le  choice o f  sampling i n t e r v a l .
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A .2 ESTIMATION OF THE IIIGIiER CORRELATION FUNCTIONS
As m en t io n e d  above f o r  f re q u e n c y  a n a l y s i s , th e  fOOO v a lu e d  sample 
was c o n s id e r e d  to  be a 60 second  r e c o r d  o f  G a u s s ia n  n o i s e  "'.n th e  rfmge 
0 -  2 5 Hz. T h is  r a n g e  i s  d e te rm in e d  by th e  s a m p l in g  i n t e r v a l ,  s in c e  
h i g h e r  f r e q u e n c i e s  c a n n o t  be r e p r e s e n t e d  u n l e s s  th e  d a t a  s p a c in g  i s  
r e d u c e d .  The a m p l i t u a e - t i r n e  and s p e c t r a l  d e n s i t y  p l o t s  a r e  g iv e n  i n  
F i g u r e s  2 , 5 .
The t h i r d  c o r r e l a t i o n  f u n c t i o n  R (t t ) f o r  v a lu e s  o f  t = r.ô
1 2  1 2
w here Ô i s  t h e  d a t a  s p a c in g  and n = 0 , 1 , 2 , . , . . . 2 0  was computed u s in g  
th e  f o l l o w i n g  e q u a t i o n : -
1 s
H  H h-T A + t +T
R( t T ) = 2  .  —
1 2 N » ( t -i-T )
L=1 1 2
where N i s  th e  sam ple  s i z e  and th e  i n d i v i d u a l  s a m p le s .  I n i t i a l l y ,
th e  c o m p u ta t io n  was pe rfo rm ed  w i th  t h e  f i r s t  1000 v a lu e s  o f  th e  sam p le .
A s e l e c t i o n  of, t h e  p l o t s  o b t a in e d  f o r  t h i s  sample a r e  g iven  in
F i g u r e s  4-7» At t h i s  s t a g e ,  a  check was made on th e  e f f e c t  o f  a l t e r i n g
th e  o r d e r  o f  th e  sam ple -  i n  e f f e c t ,  a l t e r i n g  th e  f re q u e n c y  c o n te n t  o f
th e  s i g n a l .  The num bers were a r r a n g e d  i n  c e r t a i n  s e q u e n c e s  w hich had
th e  e f f e c t  o f  r e d u c in g  th e  p red o m in an t  b a n d w id th  o f  th e  s i g n a l  and th e
t h i r d  c o r r e l a t i o n  f u n c t i o n  reco m p u ted .  Again a  s e l e c t i o n  o f  th e  p l o t s
f o r  t h i s  s e t  ( 2 ) a r e  g iv e n  i n  F ig u r e s  8 - 1 1 .  I t  i s  a p p a r e n t  from th e
p l o t s  o f  S e t  2 t h a t ,  w h i le  th e  i n d i v i d u a l  v a lu e s  o f  r ( t t ) d i f f e r  from
1 2
th o s e  o f  S e t  1 , th e  p l o t s  have a  s i m i l a r  n a t u r e .  O th e r  a r r a n g e m e n ts  o f
th e  num bers were t r i e d  and c o n s id e r a b l e  t im e  was s p e n t  i n  a t t e m p t i n g  to
r e l a t e  th e  v a l u e s  o f  R(T t ) to  th o s e  o f  th e  a u t o - c o r r e l a t i o n  f u n c t i o n
1 3
r ( t ) .  No c o r r e l a t i o n  c o u ld  be  fo u n d .  I t  was th e n  s u s p e c t e d  t h a t  th e
58
t h i r d  c o r r e l a t i o n  f u n c t i o n  was in d e p e n d e n t  o f  t h e  a u t o - c o r r c l a t i o n
f u n c t i o n .  B e a r in g  i n  mind t h a t  i t  h a s  been  lo n g  known t h a t  th e  mean
v a lu e  and a u t o - c o r r e l a t i o n  f u n c t i o n  d e f i n e  a l l  h i g h e r  o r d e r s ,  t h i s
c o u ld  o n ly  mean t h a t  R ( t  t  ) = 0 f o r  a l l  T . t  f o r  a  G auss?an  v a r i a b l e .
1 2  1 2
The v a lu e s  o b t a i n e d  were c l e a r l y  b e in g  ca u se d  by t h e  n o n - c o n t i n u i t y  o f
th e  d i s t r i b u t i o n  -  i e  s i n c e  th e  sample i s  f i n i t e *
The sfimple was now i n c r e a s e d  to  3000 and th e n  to  1 0 ,0 0 0 ,  t h e
t h i r d  c o r r e l a t i o n  f u n c t i o n  b e in g  computed e a c h  t im e .  S e e ,  f o r  e x a m p le ,
F ig u r e s  12-14 w hich show s e l e c t e d  p l o t s  f o r  t h e  1 0 ,0 0 0  v a lu e d  sam p le .
I t  i s  im m e d ia te ly  a p p a r e n t  t h a t  f o r  e a c h  T t  t h e  v a lu e  o f  R(t  t  ) i s
r  2 1 2
much l e s s  t h a n  f o r  t h e  1000 sam p le .  I t  was n o t i c e d  t o o ,  t h a t  th e
i n d i v i d u a l  v a l u e s  o f  R(t T ) were t y p i c a l l y  o f  th e  same order  as  the
1 s
mean cube v a lu e  o f  th e  d a t a .  C l e a r l y  t h e n ,  a s  th e  d i s t r i b u t i o n  approach^
th e  t r u e  G a u ss ia n  -  a s  th e  sam ple g e t s  v e ry  l a r g e  -  then  th e  mean cube
v a lu e  w i l l  t e n d  to  z e ro  a s  w i l l  t h e  t h i r d  c o r r e l a t i o n  f im c t io n  R (t t  )*
1 2
I t  i s  w o r th  n o t i n g  a t  t h i s  s t a g e  t h a t  w here th e  d i s t r i b u t i o n  i s
N ( p , c f ) ,  r ( t  t  ) i s  g iv en  b y : -  
1 2
R (T T ) = + |J(J^(r(t ) + R(t +T ) + R(t  ) )
( p ,o 2 )  1 2 1 1 2 2
where R( ) r e f e r s  to  the  N ( 0 ,1 )  d i s t r i b u t i o n .  Computation o f  the  
f o u r th  c o r r e l a t i o n  f u n c t i o n  R(t t t ) was conducted i n  a s i m i l a r  mannern
1 2  3
N - ( t +T^+tP  +T y r , - T + T
R(t T T ) =----------------------------   -J----------^ --------- L ™ S - 3 .
 ^ ^  ^ N -  ( t  + t  + t  )
m = 1 1 2  3
On com pu ting  t h i s  f u n c t i o n  f o r  t h e  1000 v a lu e d  sa m p le ,  i t  was im m ediately  
a p p a r e n t  t h a t  some o f  th e  v a lu e s  were a p p r o x im a te ly  z e ro  ( 10 w h i le  
o t h e r  v a l u e s  were e i t h e r  1 o r  $. S ince  t h e  a u t o - c o r r e l a t i o n  o f  th e
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sample i s  given b y ;-
R ( t ) = 1  T = 0
r ( t ) = 0  T >  0
the  fo llow ing  r e la t io n s h ip  was found by a p rocess  o f  e l im in a t io n : -  
r ( t  t  t  ) = R ( t  ) r ( t  ) +  R ( t  + t  ) r ( t  + t  ) +  R ( t  + t  + t  ) r ( t  )
1 2 3  1 2 1 2  2 3 1 2 3  2
I t  was thought th a t  t h i s  r e l a t i o n ,  i f  c o r r e c t ,  could have been derived  
a n a ly t i c a l l y  and the in v e s t ig a t io n s  in to  the  theory  o f  random processes  
showed th ese  r e l a t i o n s  to be c o r r e c t .  A comparison o f s e le c te d  va lues  
o f  the  t h e o r e t i c a l  and experim ental computations o f  R ( t  t  t  ) a re  given
1 2  3
i n  Table 1,
Again, where the d i s t r i b u t i o n  i s  N (p ,o ^ ) ,  the fo u r th  c o r r e la t io n  
fu n c t io n  i s  given b y :-
R ( t  T T ) = O ^ R ( T  T T ) + U^o^  1r ( t  ) H- R ( t  ) + R ( t )
1 2 3  1 9 3 . L 1 2 3
4- R ( t  -i-T ) + R ( t  +T ) -t- R ( t  4-T -t-T ) 1  -i- 1/
1 2  2 3  1 2 3 J
where R( ) r e l a t e s  to th e  N(0,1) d is t r ib u t io n *
—  60  " "
A .3 ANALYTICAL DERIVATION OF HIGHER PRODUCT MOMENTS OF SINUSOIDAL FUNCTIC 
A .3 .1  SINGLE SINUSOID
L e t  X ( t )  = a c o s ( t ) .  R e c a l l  t h a t  r ( t )  = -|6- c o s ( t )
Now, rp
K(T 1- ) = " V x ( t ) x ( t i - T  )x( t+T +T ) a t
1 3  T ^  1 1 2
” ÏÏ
T
^ /^ a ^  C O s ( t ) c O s ( t + T  ) c O s ( t + T  H-T ) d t
T 1 1 3T 
2
T
Llm 1 2
qi_^ C0 m . I  d t- ip
~ 2
I t  can  he shown, t h a t ;
I  =  y — r  C O s (  t f2T + T  )  -  C O s ( t + T  )  +  C 0 s ( 3 t + T  )  -1- C 0 s ( t - 2 T  - T  ) 1 . 
4 L  1 3 2  3 1 2 J
an,d hence  i t  f o l lo w s  t h a t
r ( t T ) 0
I 2
s i m i l a r l y  i t  can he shov/n t h a t : -
4 p
R ( t  T T ) = ™  C 0 s (t  -T -T ) +  C O s (t ' - T  - T  ) +  C 0 s ( t - T  - T  )
1 3  3 8  L 1 2 3  2 3 1  3 1 2 .
and i n  g e n e r a l  f o r  X ( t )  = a c o s ( t ) : -
n+l  ^ n  n
R(t t t , , , . T  ) = — —  cos(2T -  ^2 Th) Nor n odd
1 3 3 n 2% r  J
A .3*I  * I
f o r  n  even
6 l
A .3 .2  GENERAL PERIODIC FUNCTION
Let X ( t )  = c o s t  + cos(2t-i- ‘^»') • R eca ll  th a t  R ( t )  = ■— ( c o s t  + c o s 2 t ) *
A fte r  c o n s id e r a b le  a lg eb ra  i t  can be shov/n t h a t : -
r ( t  t  ) = ™ ( c o s ( t  +2T -1--^) +  cos(2T +T + c o s ( t  - t  +\ l f ) )
1 3  4 1 3  1 2  1 3
Note th a t  the above fu n c t io n  i s  dependent upon the phase a n g le  V 
in  c o n t r a s t  to  th e  a u t o - c o r r e la t io n  f u n c t io n .  I t  can be f u r th e r  shov/n 
th a t  a l l  the  odd moments are dependent on the  phase a n g le  vA'iereas the  
even moments are  n o t .
In  g e n e r a l  th e n ,  f o r  X (t )  = c o s t  + c o s ( 2 t + t  ) + cos(3t-i-'if :~
1 3
r ( t  . . . . T  ) = e ( t  , t  . . . . T  ,1; A .3 .2 ,1
1 2n 1 3  2 n 1 2 n
and,
R(t . . . * t ) = p ( t t . ,  . )  f o r  a l l  n = 1 , 2 , . . . .
1 211+1 I  3  2n+i
A . 3 . 3  PSEUDO r-LhlDOH BINARY FUNCTION
A d i g i t a l  sample o f  a P.R.B s ig n a l  was o b ta in e d .  The th ir d
order product moment f u n c t io n  R(t t ) was computed as  b e fo re  and t y p i c a l
1 2
p l o t s  are  ^p.'ven in  F ig u r e s  15"17*
APPENDIX B
B . l  HIGHER ORDER INPUT-OUTPUT SPECTRAL RELATIONS
Consider the l i n e a r  sys tem i n  Figure  18 wi th  complex frequency response  
a ( i f ) , i m p u ls iv e  r e ce p tan c e  L'(t ) ,  and i n p u t -o u tp u t  P ( t ) ,  x ( t ) .  I t  
f o l l o w s  t h a t ; -
r
x ( t )  = /  V(T)p( t-T)dT W(T)=0, T<0 ( l )
Now R ( t T ) = < x ( t ) x ( t + T  )x(t+T +T )>
^ 1 3  1 1 2
rbut x ( t )  = /  v(T^)p(t-T^)dT^
'X)
X ( t + T ^ )  =j W(Tp)p(t-Tp+T^)dTp
x(t+T +T ) = /  V/(t ) p ( t - T  +T +T )dT
1 3 ^  ' Y T  1 3 Y
r r  rj  V/(t^) j  W(T^) J  W(t^)
. < P ( t “T )P(t~T_ + T ) P ( t ”T H-T H T )>dT dT_dT 
CL P i  Y 1 3 CL P Y
R eplac in g  ( t -T ^ )  by t  ( s i n c e  p r o c e s s  i s  s t a t i o n a r y )
. < P ( t ) P ( t + T  - T .  + T ) P ( t + T  +T +T -T  )>d T dT dT 
U P 1 n  1 2 Y a  p Y
cn CO œ
i2%(f T + f  T )
D e f in in g  S ( f  f  ) = / /  R ( t t ) e   ^  ^  ^  ^ dT d'r (P)
 ^ 1 2 J J _ a , % 1 2 1 2
i . e .  the  double Four ier  Transform o f  R ( t t ):x: 1 8
“/  / " w ( T p )  J  w (t  ,)'t'
i 2 x ( f  T + f  T )
•X '  V U V h
CO - i2 % f T “  - i2 % ( f  “ f  ) Tn r “  i2'A±‘ t
=y  W(T^)e : ° y  w(Tp)e ® ' U  W (y)®
■X V ' . ' v ' r ’ .* ’p -\>
a (3 Y
^  ••i2Af T +o -i2%(f ~f ) T /'oo ^
=y^V/(T^)e y ^ w ( T p ) e  1 y  v(Ty)e^2^^2^Y
= a ( i f  ) o ( i ( f  - f  ) ) a * ( i f  )S ( f  f  ) 1'2"*
1 S I  s P i s '
.-. s i r  f  ) = a(if )a(i(f -f ))a-(if )s (f f ) (j)
X 1 2 V 1 3 1  2 P 1 2
S i m i l a r l y  i t  can be shown;-
S ( f  f  . . . f  ) = a ( i f  ) a ( i ( f  - f  ) ) . . . a ( i ( f  - f  . ) ) a * ( i f  ) s  ( f  f  ) ( 4 )% 1 3  n 1 2 1  n n - i  n p % 2
Note t h a t  s u b s t i t u t i o n  o f  f  ~ 0 and a ( i f  ) = 0 i n  ( 4) y i e l d s  the
( n - l ) t h  r e s p o n s e  r e l a t i o n .
F o r  n = 1; e q u a t i o n  ( 4 ) g i v e s ; -
S ( f  ) = a ( i f  ) a * ( i f  )s ( f )  = | a ( i f )  ^ 3  ( f )  
^ 1  1 1 P 1 P
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RECOT#îEMDED MINII'iDM 8#IPLE SIZP RPR NARROW-BAND RESIDNSE SIMULATION
The minimum sample s iz e  recommendation i s  based upon the 
assumption th a t  in  u s in g  numerical in t e g r a t io n  in  the  s im u la tion  of 
response , the  ou tpu t sample s iz e  i s  the same as the s p e c i f ie d  
e x c i t a t io n  sample s iz e  -  t h i s  i s  c l e a r ly  d es irab le*
Consider a narrovr-band response problem. I t  w i l l  be assumed th a t  
the spectrum has a s im i la r  shape to the m agn if ica tion  f a c to r  o f  the 
system* S p ec tra l  a n a ly s is  o f  t h i s  response w i l l  impose cond itions  upon 
the sample s i z e .  In  F igure  55 the  response spectrum o f  a ty p ic a l  
narrow-band s ig n a l  i s  g iven . The width o f  the  h a lf -p o w er  p o in ts  i s  
2 .f^r where f^  i s  the  resonan t frequency. I t  i s  d e s i r a b le  to have a
bandwidth o f  a n a ly s is  l e s s  than t h i s  v a lue , i . e ,
® E <
Now,
T
^ " At
n the  sample s ize
n = where T i s  the record  le n g th ,  At the sampling in te r v a l
b u t ,
At -  where f  i s  the  maximum frequency o f  i n t e r e s t  in  the reco r
2.tm
n = 2Tf_m
i . e ,
n
Now f o r  a 20^ e r r o r  in  s p e c t r a l  d ensity  e s t im a te s :
25 " Bg T gf^rn
II tC r, y
I f  the system response has more than one response peak, the value o f  n 
i s  chosen f o r  the case where the product f^^ i s  a minimum.
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